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}^X\KL:`w�K…iJXba�[:Y\[^G`iJIh}$[^g

a�[vGJ[ÙiTX\G`K�X�•

a
[

g
b

e

c

d

fa

b

e

c

d

f g

>SILM\w�GJFCc •1���\•�•ŒM [^]bo�‚hXCa�[:iTGJFHK�g - X\GJ]qFHl^mHXCa�XF>

"

@ oVFHGJFr>Š‰‹@+•
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ZLVX|`Vybv€>]ÛM\GTF;- X

G = (V; A)

 V��Å|`VybŠ€
]ÂM\GJF�- X

G0 = (V 0; A0)
iTFH‚¬„…w�[7oVFUGTF�}xFHaVF�}^X\K;:`w�K…iTXËa�[>Y�G^G`iJIh}$[^g³a�[2G`[$iJX\GJK�XËa�[

G
[sM IhgjiT[vw�] }$X\K;:`w�KOiTXba�[ŠFHG`[^g`iTFHgÊa�[vGJ[$iJX\GJK�Xb[^„…w�I†YUFH‚L[^KOiT[F<¡}$X\] ]b[$gJ]bXC}^w�gjiTX�B³[^]

G0




gC¿ŠV6Z;Vp}^FHaVFŒY�G$G`iJIh}^[

v 2 V
ÍÎV*¸�V

�

g }^G`I~FHG³a�X\ILg Y�G$G`iJIh}$[^g

v1; v2
[^]

V 0

�

g }^G`I~FHG³w�] FŒFHGJ[$g`ikF

(v1; v2)
[^]

A0 }^X\]ÛXb]b[^g`]qXCo¬[$gJXqa�[

v
�

g ] FUoy�

[v]  v1 �

]qFHo��v[v]qFHo“cËgTmHXCY\[ÙiTX\G`[^g>FHg`gJX•}^IhFUiJILY\X\g

V ! V 0�

�

g ] FUo“c

[v]  v2
�

gR¾òÁ¯¿}V*ZLV

�

gC¿ŠV6Z;Vp}^FHaVFbFUGJ[^gjikF

(u; v) 2 A
ÍÎVX¸�V

�

g }^G`I~FHG FbFHG`[^g`iTF

(map2[u]; map1[v])
[^]

A0 }$X\] o¬[$gJXqILK6&VK�I†iTX

�

gR¾òÁ¯¿}V*ZLV


��

gCZLa

¶

zSZ

µ

V*Z�XCM\GTF�- X

G0 = (V 0; A0)

>tIhM\w�GJFCc •1�®c •R>Š‰‹@

)
>

"

@

a�X(FH‚hMHX\GJI†iJ]bX=Gbg`w�_�gjiTILiJw�IhG:}^FHaVF Y�G^GjiTIh}$[

v0
o¬X\G:w�] F K�XZYUF<FHGJ[$g`ikF

(v1; v2)
[ba�X\Ihg7Y�G^GjiTIh}$[^g

v1

[

v2
•

"

g:FHG`[^g`iTFHg7„…w�[�[^KOiTGTFU] [^]

v0
oVFUgJgTFU] F gJ[$G:FHg7FHGJ[$g`ikFUg7„•w�[Œ[$K…iJGTFH] [$]

v1
ƒ�[$K�„…wVFHKOiTX

FHgËFHGJ[$g`iTFHgË„…w�[ gTFU[^]na�[

v0
o�FHgJgTFU] F<gJ[^GËFHg�„…w�[ gTFH[$]Åa�[

v2
•

Ž

o¬[^g`XyFHgJg`X•}^I~FUa�X/FUgËK�X®YUFUg

FHGJ[$g`ikFUg�gJmHX(X\gŠo¬[$gJX\g�a�XHgŠY�G$G`iJIh}$[^g�}$X\GJG`[^gJo¬XHK�a�[^KOiT[$g^•

"

g�FHGJ[$g`ikFUgËFUK…iTILMOFHg7iT|$]po¬[^g`X8IhK6&�K�ILiJX�•

"

&�M\w�GTFŸc••T�n�y]qXHg`iTGJF•F•[sM [^}$w�lxmHX&a�XŸFH‚LM\X\G`I†iT]CXy[$]�w�]ÓM\GJF�- X•[<X\gC}^XHK;:`w�KOiTX\gba�[<GJ[ÙiTX\G`K�X

}^X\G`GJ[^g`o¬X\K�a�[$K…iJ[^g^•

f7F�]q[$gJ]qF - XHGJ]qF‡„…w�[ŸoVFHGTF�>}‰•@ÈXÉo�GJX\_�‚h[^]qF‡a�[�a�[^}$IhgJmHX�FUgJgJX•}$I~FHa�X�FUX�>

"

@ GŸW2QSP

}^X\]bo�‚L[$iTX�•

"

gJgJIL]<ƒ•ikFHKOiTX�oVFUGTFËX�>

"

@q}$X\]qXËoVFHGJFËX�>Š‰•@q[$Y•I†ikFH]bX\g{FH‚hMHX\GJI†iJ]bXHgR[NM�FUiTX\g$ƒ�aVFUK�a�X

o�GJ[s- [^GJ|$K�}^IhF5õvFU‚hM\XHGJI†iJ]bX\g@FHo�GJX…M�IL] FçiTI†Y\XHg@X\wŽ)�[$w�Gl+Lg`iTIL}xFUg�o�GTNçiTIh}^FHg^•SW>Xv}^FHo*+LiJw�‚hX7gJ[$M\w�ILK…iJ[
FHo�GJ[ÙP

gJ[^KOikFH]bX\gÊ„…wVFçiTGJXbFH‚hM\XHGJI†iJ]bXHg³oVFHGJFC[$K�}^XHK…iTGJFHGÊ}^X\KL:`w�K…iJX\g
a�[ŠG`[$iJX\GJK�X�•
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}$X\K;:`w�KOiTXba�[:Y\[$G`iTIL}^[$g

a�[vG`[$iTXHGJK�X�•

b
[

c

FH‚LM\X\GJI†iJ]bX��xT•™�� �'Ÿ6™

}$X\K;:`w�KOiTXba�[ŠFHG`[^g`iTFHg

a�[vG`[$iTXHGJK�X�•

b
[

c

b

e

f

a

c

d

b

e

fa
c

d

e

f

a d

e

fa

d

>SILM\w�GJFCc •1�n��•�•ŒM [^]bo�‚hXCa�[:iTGJFHK�g - X\GJ]qFHl^mHXCa�XF>Š‰‹@ oVFHGJFr>

"

@+•
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@ [$M\w�K�a�X
>V[$g`ikF ƒ›QSFHGJa�FH‚hXHg7[Ž�
[$gJ[$K�a�[C[^]

I

‚�K–ƒ›FHo¬[$gTFHG:a�XHgvFH‚hM\XHGJI†iJ]bXHg7FHo�G`XnM Ih]qFUiJI†Y\X\g2MOF®P

GTFHKOiTIhG`[^]
w�] FŠ}$[^G`iTFË„…wVFU‚hIha�FHa�[
a�[>gJXH‚hw�l^mHX�ƒ•oVFUGTF�]�w�I†iTX\g�o�G`X\_�‚L[^]qFHgôo�GJNUiTIL}^X\gôa�XË]�w�K�a�XËG`[xFH‚–ƒ

]FGÙiTX•a�X\g‹)�[^w�G•+hg`iJIh}$X\g:o¬X•a�[^] ‚h[ÙYUFHG•õ g`X\‚hw�lHO•[^gv]b[^‚T)�X\G`[^g7[^] „…wVFUK…iTILaVFHa�[ŒGTF�$^XONxY\[^‚@a�[ŒiT[$]qo¬X

[ z³Q�€�•tW>[$g`ikF(a�ILgJgJ[$G`ikFUlxmHX(K�X\g�}$X\K�}^[$K…iJGTFHG`[^]bX\g�[^]ÅFU‚hM\XHGJI†iJ]bXHg•)�[$w�Gl+Lg`iTIL}^X\g$•øW
[^g`iJ[ ]b[^gJ]bX

iTGTFU_VFH‚%)�X½<¡a�[q>V[$g`ikF ƒ-QSFUGJaVFH‚LX\g>[q�Ê[^g`[^K�a�[

I

‚�K B•G�FUo�GJ[$gJ[^KOikFHa�F ikFU]Œ_SG$]‹w�]qFqGJ[ÙY•IhgTmUX a�[�FU‚hM\XUP

GJILiJ]qXHgŒFUo�GJX…M�IL]qFUiTI†Y\XHg�oVFUGTFyo�G`X\_�‚L[^]qFHg�a�X•}^X\KL:`w�K…iJX�a�[ GJ[ÙiTX\G`K�X�ƒô„…w�[øK�X•]b[^‚T)�X\GËa�X•K�X\gJg`X

}^X\K*)�[^}$Ih]b[^K…iJXrGv_VFUg`ikFUK…iT[v}$X\]qo�‚h[$iTF�•�QtX\GÊ[$g`iTFbGJF,$xmUX�ƒ�KVmHXbFCG`[^o�G`X•a�w*$^IL]qXHgÊFH„…w�I •

W
[^g`iJ[ }^FHo*+†iTw�‚LX/FHo�GJ[^g`[^KOikFH]bX\gËiJGJ|$gŒFH‚hM\XHGJI†iJ]bXHg3)�[$w�Gl+Lg`iJIh}$X\gËoVFHGJF8GJ[$gJX\‚†Y\[^G�o�GJX\_�‚L[^]qFHg�a�[

}^X\K;:`w�K…iTXŒa�[7GJ[ÙiTX\GJK�X�•

Ž

o�GJIL]q[$IhG`X{G7w�]qFq)�[^w�G•+hg`iJIh}^F�g`Ih]bo�‚h[$g{oVFHGJF�GJ[$gJX\‚†Y\[^G³XŽ>

"

@

I

e;K–•�•�g`iT[‹G

w�]Ûa�X\g o�G`Ih]b[^ILGJXHg³FH‚hM\XHGJI†iJ]bXHg{[^K�}$X\K…iJGTFHa�XCKVFŒ‚LILiT[$GTFUiJw�GTF •@•�] g`[^M\w�IhaVF ƒVFHo�G`[^g`[^K…iTFH]bX\g
FŒFHo�‚LI†P

}xFHl^mHXqaVFb]b[$iTFçP�)�[$w�Gl+Lg`iJIh}xF
àsê,Úq£îÝº¤H–EÚöà�ãsÞ�ÚnØ�°;ãsÞ?ìäØlá o�FHGTFCGJ[^g`X\‚LY\[$G
X0>

"

@

I

c�†LK–•³•�gjiT[ËFH‚LM\X\G`I†iT]CXŽG

_VFHgJ[^FHa�XŠ[^]üw�]qF:[^gjiTGTFçifG^MHI~F:a�I†Y ILa�IhGSoVFHGJFv}$X\K�„…w�ILg`ikFUG^•�QtX\GAD�‚LiJIh]bX�ƒOFUo�GJ[$gJ[^KOikFH]bX\gôFŠFUo�‚hIL}xFHl^mHX

aVF�]b[$iTFçP�)�[^w�G•+hg`iJIh}^F�u•�

"

@�Q <#"!â�à�àlß�$&%!á,ÛSßEÚq¢�ì¡¬;àlß('•ß�á(¥SÞÅì ê,à€Îyàlá,â�Øk *)€â�ÚnØ�àlß,ÝEâ�à�ãLBôoVFUGTFËGJ[$gJX\‚ P

Y\[^GôXŠo�GJX\_�‚h[^]qF•>}‰•@+•�QtFH]�_SG^]
FHo�G`[^gJ[$K…iTFH]bX\gôw�]
FH‚hMHX\GJI†iJ]bX:o¬XH‚hIhK�X\]bILFH‚�[NM�FçiTX�oVFUGTFvGJ[$gJX\‚†Y\[^G

XF>

"

@ GJ[$g`iJGJILiJXbFCM\GJF�- X\g o�‚hFHKVFHG`[^g$•

Ž

g{a�XHIhg{FH‚LM\X\GJI iT]bXHgôoVFUGTF�GJ[$gJX\‚†Y\[^G{Xq>

"

@bw�iTIL‚hIT$^FH]
FËG`[^‚~FUlxmHX�[^KOiTGJ[2X\G`a�[^KVFUlxmHX�a�[2Y�G$G`iJIh}$[^g

[v}^X\K;:`w�K…iTXba�[�FUGJ[^gjikFHgÊa�[vGJ[ÙiTX\G`K�X�•�•�g`ikFCGJ[$‚~FHl^mHXŽGva�[^gJ}$GJI†ikFbFŒgJ[^MHw�IhG$•
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@ [�:JF

l : V ! N
w�] FBX\GJa�[^KVFUlxmHX‡„•w�FH‚h„…w�[$Gøa�X\g Y�G$G`iJIh}^[$g<a�[•w�] MHGTF�- X

G = (V; A)
•

€>]qF FUGJ[^gjikF

(u; v)
K�[^gJgJF X\G`a�[^KVFUlxmHX=G�a�I†ikFq[$g`ikFUGÀ¥6á,â•á‹åNâfàsÛXÞ�àŒg`[

l (u) < l(v)
ƒ�}^FHgJX }^X\KOiTGJNHGJILX

<

l (u) > l(v)
B�[$g`ikF�FHGJ[$g`ikFpG<a�ILikFy[$g`ikFUG±¥6á,â•áÂÞÅâ�°;ãÙ•É€
] FyX\G`a�[^K�FHlxmHX�„…wVFH‚L„•w�[^Gba�X\gCY�G$G`iTIL}^[$g

a�[$iJ[^GJ]bIhK�FŸa�X\ILg }$X\K;:`w�KOiTXBa�[/FHGJ[$g`iTFHg a�[8GJ[ÙiTX\G`K�X�••X&}^X\K;:`w�K…iJXˆa�[yFHG`[^gjikFHg o�FHGTF°- GJ[$K…iT[8[8X

}^X\K;:`w�K…iTX�a�[:FHGJ[$g`ikFUg o�FHGTF�iTGJNHg^ƒ�[Uƒ�o+XHG`ikFUK…iTX�ƒ iJX•a�X�M\GTF;- XŒFHa�]qI†iT[>o¬[^‚LX�]b[^K�X\g{w�] }$X\K;:`w�KOiTXŒa�[

FHGJ[$g`ikFUg
a�[vGJ[ÙiTXHGJK�XC}^X\] K�Xb]qN;M Ih]bX 1
2 jAj

•

Ž

o�GJIh]b[^ILG`X F [$g`iJw�aVFHGvF GJ[^‚hFHlxmUX [$K…iJGJ[ŒX\GJa�[^KVFHl^mHXøa�[�Y�G^GjiTIh}$[^g:[Œ}^XHK;:`w�K…iJXøa�[CFUGJ[^gjikFHg:a�[

GJ[$iJX\GJK�XŽ- X\I21ôXHw�K�M\[$G

I

c,‚;K�„•w�[Š[^gjikFH_¬[$‚h[^}$[^w(Xbg`[^M\w�ILK…iJ[H•

�H•
•ŒM Ihg`iJ[�w�] XHGJa�[$KVFHl^mHX�a�[•Y�G$G`iJIh}$[^gøikFU‚:„…w�[�X‡}^X\KL:`w�K…iJXÉa�[ŸFHG`[^gjikFHgøoVFHGTFBiTGJNHgö- X\G`] F

w�]r}$X\K;:`w�KOiTX a�[ŒFHG`[^gjikFHg7a�[�GJ[ÙiTX\G`K�X a�[�}^w�g`iTX ]F+LK�IL]bX�•7QSFU‚SX\GJa�[^KVFHl^mHXöG�}�)VFH]qFHaVF a�[

Ú;â•ßEàsÛSáX¤H–EÚ­®;Þ?ì«¢ráH•

c••
€>] ãsÝ6çE”,âlá•å…ÚFØ�Ú;Û6ãnà�ØsÝ'ÞÅì ê,ÚËa�[:w�] M\GJF�- X

G = (V; A)
}^X\] GJ[$gJo¬[$ILiTXCF�w�]qF�X\G`a�[^K�FHlxmHXŒa�[

Y�G^GjiTIL}^[$giG:w�]ÛgJw�_�M\GTF;- XCIhK�a�w*$^ILa�XŒo¬X\G³w�]Ûg`w�_¬}^XHK;:`w�K…iJXba�[7Y�G^GjiTIh}$[^gÊ}$X\K�g`[^}^w iTILYHX\g
K�[^g`iTF

X\G`a�[^KVFUlxmHX�•:f7FHa�X a�XHIhg>gJw�_�MHGTF�- X\g

G1
[

G2
a�[�w�] M\GTF�- X

G = (V; A)
ƒ+a�[H&VK�Ih]bX\g2}$X\]bX

N (G1; G2)
X/K�D�]b[^GJX8a�[ FHGJ[$g`iTFHg�„…w�[ gTFH[$] a�[ w�]nY,G^G`iJIh}$[ [$]

G1
[ }N)�[^MOFU] [$]Åw�]

Y�G^GjiTIL}^[ [$]

G2
•®@ [

G1
[

G2
gTmHXya�X\IhgËgJw�_�MHGTF�- X\g�}^X\K�gJ[^}$w�iTI†Y\X\gCa�[

G
}^XH] GJ[$gJo¬[$ILiTX•F

w�]qFËX\G`a�[^KVFUlxmHXŒsUiTIh]qFŠa�[2ikFH‚+]qFHK�[$IhGJF�„…w�[:XqD�‚LiJIh]bXŠY�G^GjiTIL}^[7a�[

G1
o�GJ[^}$[^a�[:XŒo�G`Ih]b[^ILGJX

Y�G^GjiTIL}^[va�[

G2
ƒ�[^K…iTmHX

N (G1; G2) � N (G2; G1)
•

� •

Ž

}$X\K;:`w�KOiTXøa�[ŒiTX•a�FHgvFHgŠFUGJ[^gjikFHgvo�FHGTF iJGTNHg:}^XH] G`[^gJo¬[$ILiJX(F w�]qF X\GJa�[$KVFHl^mHX<sUiTIh]qF a�[

w�] MHGTF�- X

G(V; A)
a�[$Y\[Šg`[^GÊ]qILK�IL]qFU‚–•

ƒ�•^@ [

H
Gvw�] gJw�_�MHGTF�- Xb}^XHK�gJ[$}^w�iJILY\X }$X\] GJ[^g`o¬[^I†iTXqFbw�] FŒX\GJa�[$KVFHl^mHXqsHiJIh]qF�a�[Šw�] M\GJF�- X

G
ƒ¬[$K…iTmHX FCGJ[^gjiTGJILlxmUXqaVFbX\GJa�[^KVFHl^mHXqsHiTIL] FŒFHX\gÊY�G^GjiTIL}^[^g>a�[

H
GŠw�] FCX\G`a�[^KVFUlxmHXqsHiTIL]qF

oVFHGJF

H
•
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ZLVX|`Vyb:w�] MHGTF�- XŒX\GJIL[^KOikFHa�X

G = (V; A)

 V��Å|`Vybvw�] }^X\KL:`w�K…iJXba�[ŠFHGJ[$g`ikFUg
a�[vG`[$iTXHGJK�XCa�[

G



g

S1 = ;
�

g

S2 = ;
�

gCa

µHG

·`V

µ˜¶

z

(G 6= ; )
ÍÎVX¸�V

�

g \Pa [NM Ihg`iJ[Šg`w�]bIha�X\w�GJX

u
[^]

G
a

µ˜¶

¹6z

�

g }^X\‚LX•}xFHG

u
K�XCIhK*+L}^ILX�a�[

S2
�

g

v = u
�

g \Pa

µ

¹*z�\Pa [sM IhgjiT[‹- X\K…iJ[

u
[$]

G
a

µS¶

¹*z

�

g }^X\‚LX•}xFHG

u
K�X�&VKVFH‚-a�[

S1
�

g

v = u

��

g \Pa

µ

¹*z


I


g [^gJ}$X\‚T)�[^GÊw�]ÛY�G$G`iJIh}^[

u
ikFH‚-„…w�[

d+ (u) � d� (u)
Gv] N;M IL]qX


J�

g }^X\‚LX•}xFHG

u
K�XC}^X\]b[^l$Xba�[

S1

��

g

v = u



�

g ¾òÁ \Pa


J�

g GJ[$]qXZY\[^G

v
[viJX•a�X\gÊg`wVFHg
FHGJ[$g`ikFUg
ILK�}^ILa�[^KOiT[$gÊa�[

G

��

gR¾òÁ¯a

µHG

·}V

µS¶

z



�

gô}^X\K�}xFUiJ[^KVFUG

S1
[

S2
[$] w�]qFŒ‚hILg`ikF

S

��

gCZLa

¶

zSZ

µ

V*Z�XC}^X\K;:`w�K…iTXba�[�FUGJ[^gjikFHgÊoVFHGJFŒiJGTNHg aVFCX\G`a�[^K�FHlxmHX

S

>SIhM\w�GTF���•1�\•�€>] FH‚hMHX\GJI†iJ]bX�gJIL]bo�‚h[$g oVFUGTFŒGJ[^g`X\‚†Y\[^GÊXF>

"

@

"

gJ[$M\w�ILG^ƒ2FHo�GJ[$gJ[$K…ikFU]qXHgøa�X\ILgøFH‚LM\X\GJI iT]bXHg=)�[^w�G•+hg`iJIh}$X\g „…w�[•w�iTIL‚hIT$^FH] [^gjikF‡GJ[$‚~FHl^mHXˆoVFHGJF

[^K�}$X\K…iJGTFHGÊw�]Û}^X\KL:`w�K…iJXba�[�FUGJ[^gjikFHgÊa�[vGJ[ÙiTX\G`K�X�•

-­	�� K î % L4�ë�61NM�������#&% �2��î O!Â(�ë�PO¿%'13% 1í�ë�2�
Â��G��1’� Q�R4S

•�FHa�[$g^ƒ!ô�IhK�[
@ ]{g…if)

I

eLKÊa�[^g`[^KOY\X\‚LY\[$GTFH]�w�]�FH‚hM\XHGJI†iJ]bX�)�[^w�G•+hg`iJIh}$X�‚LIhK�[^FHG5ñ�M\w�‚LX\gJX;ó „…w�[

[sM o�‚hXHGTFøF G`[^‚hFHlxmUXø[$K…iJGJ[CX\G`a�[^K�FHlxmUX<a�[�Y�G^GjiTIh}$[^gv[ŒXø}^X\KL:`w�K…iJX<a�[CFHGJ[$g`iTFHgva�[CG`[$iJX\GJK�X�•qoîKOiTw�I P

iTILYçFH]b[^K…iJ[bX/FH‚hMHX\GJI†iJ]bXøIhGTNøX\GJa�[^KVFHG�X\gŠY�G$G`iTIL}^[$gËo+[$‚hX(M\GTFUw&a�[ gJF,+ha�F(o�G`X•}^w�GJFHK�a�X8X\G`Ih[^KOikFHGvX

] N;M IL]qXËo¬X\g`gl+†Y\[^‚�FHgÊFHGJ[$g`iTFHgÊo�FHGTF{- GJ[$K…iT[UƒVFHo¬s\g [$g`iT[vo�FHgJg`XbXCFH‚hM\XHGJI†iJ]bX�iTXH] F�FHgÊFHG`[^gjikFHg oVFHGJF

iTGTNUgÊ}^XH]qXC}$X\K;:`w�KOiTXba�[vGJ[ÙiTXHGJK�X�•

"

&VMHw�GTFö��•T�Œ]qXHg`iTGJF w�] o�g`[^w�a�X•}^s•a�ILM\Xøa�X<FH‚LM\X\GJI iT]CX�•�QSFUGTF a�Ih]bIhK…w�ILG2F „…wVFHKOiTILaVFHa�[Œa�[

FHGJ[$g`ikFUgvoVFUGTF iTGTNUg^ƒ�}$X\‚hX•}^FçPîg`[�X\g7Y�G$G`iTIL}^[$gv„…w�[ŒiT|$] ]qFHIhg7FUGJ[^gjikFHg:gTFUIhK�a�X°< o¬X\gJg`ILY\[^‚L]b[^K…iJ[Œw�]qF

- X\K…iJ[nBŒK�X°&VK�FH‚ÊaVF�‚hILg`ikF

S1
[<X\gCY�G^G`iJIh}$[^gq}^XH] ]qFHILgbFUGJ[^gjikFHgq[$K…iJGTFHK�a�X <¡o¬XHgJgJI†Y\[^‚L]q[$K…iJ[<w�]
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gJw�]bIha�XHw�GJX�B>K�X<ILK*+h}$ILX aVFø‚LIhgjikF

S2
•bW>Xð&�KVFH‚�a�X(FU‚hM\X\G`I†iT]CX Fø‚hILg`ikF

S2
GC}^X\K�}xFUiJ[^KVFUaVF<}^XH]pF

‚hIhgjikF

S1
•@•�g`ikFŠXHGJa�[$KVFHlxmUX�IhKOiTw�ILiTI†YçFH]b[$K…iT[j- X\GJK�[$}^[
w�] ñ�_¬XH]Žó³}$X\K;:`w�KOiTXŠa�[>FHG`[^g`iTFHgôa�[
G`[$iTXHGJK�X�•

Ž

iTFH]qFHK*)�Xva�XŠ}^X\KL:`w�K…iJX�a�[
GJ[ÙiTX\G`K�XŠ[^K�}$X\K…iJGTFHa�XËo¬[$‚hX�FU‚hM\XHGJI†iJ]bX‹G
‚LIh]bI ikFUa�X:o¬X\G jA j
2 � jV j

6

•

Ž

}^G`ILilG^GJILXbM\w�‚hX\g`Xq[$]qo�GJ[^M\FHa�XqKVFb‚hILK*)VFö���5- X\I�]q[$‚%)�X\GJFHa�XCo¬X\g`iJ[^GJILX\GJ]b[$K…iT[v[^]

I

ƒ�K •Êz{X\]‹[$g`iTF

]q[$‚%)�XHGJIhFŒX FU‚hM\X\G`I†iT]CXC[$K�}^XHK…iJGTFqw�]Ñ}$X\K;:`w�KOiTXqa�[�FHGJ[$g`ikFUg>a�[ŠGJ[ÙiTX\GJK�Xq}^X\] iTFH]qFHK*)�XC] N;M IL]qX

1
4 jAj

oVFHGTFŒM\GJF�- X\g }PD�_�Ih}$X\g^•

-­	.- /Ç���
Â��!:�;'� �ë������#?W*������#�% %6O!Â���#�%
7!% %*� QXRYS

Ž

w�iJGJXŒFHw�iJX\G³FË[NM o�‚hX\GJFHG³FËG`[^‚~FUlxmHXË[$K…iTG`[7X\GJa�[^KVFHl^mHXŒa�[2Y�G^GjiTIh}$[^g³[7}$X\K;:`w�K…iTX�a�[:FHG`[^gjikFHg³a�[

GJ[$iJX\GJK�X�G‹@�F\FH_ [^]

I

c�†LK–•

Ž

FH‚LM\X\GJI iT]bXŠa�ILY•Iha�IhGôoVFHGJFË}^X\K�„•w�Ihg`iTFHG³o�GJX\o¬X\gjiTX�K�[^gjiT[7iJGTFH_VFU‚%)�XË[$g`iTN

- w�K�aVFH]b[^KOikFUa�X7K�X7GJ[^g`w�‚LiTFHa�X7X\_ iTIha�X7o¬XHGH1�X\w�K�M\[$G

I

c,‚;K •Œ@ [

H
G{w�]Dg`w�_�M\GJF�- X7}^X\K�gJ[^}$w�iTI†Y\Xv}$X\]

GJ[^g`o¬[^I†iTX�FŠw�]qFŠX\GJa�[^KVFUlxmHXËsUiTIh]qF:a�[>w�]
M\GTF�- X

G
ƒ•[^K…iTmHX�FŠGJ[$g`iTG`Ihl^mHX�aVF�XHGJa�[$KVFHl^mHXËsHiTIL]qFŠFUX\g

Y�G^G`iJIh}$[^g
a�[

H
Gvw�]qFŒX\G`a�[^KVFUlxmHXbsUiTIh]qFËoVFHGJF

H
•

QSFHGJF?}$X\K�g`iJGJw�ILG8w�]qFÉ[$g`iTGJFUifG$M\I~FÉa�I†Y•Iha�ILG<o�FHGTFÉ}^X\K�„•w�Ihg`iTFHG8oVFHGJF?G`[^g`X\‚LY\[$G8X >

"

@+ƒ�@�FHFH_

o�GJ[$X•}^w�oVF®PîgJ[�[$] GJ[$gJo¬X\K�a�[^G(F‡gJ[$M\w�ILK…iJ[•„•w�[^g`iTmHX�•Õ+7wVFUIhgøFHG`[^g`iTFHgð-¡FUGTmHXˆoVFHG`iJ[•a�X�}$X\K;:`w�KOiTX

a�[ GJ[ÙiTX\G`K�XyFHo¬s\gËX/oVFHg`gJXyaVF8a�I†Y ILgTmHX ZÂQSFHGJF8X\_�iJ[^GËw�]Å_¬X\] FH‚hMHX\GJI†iJ]bX�ƒt[^]Å}xFHa�F/oVFUgJgJXya�[

a�ILY•IhgJmHXøFø„…wVFUK…iTILaVFHa�[Ca�[bFHG`[^g`iTFøIhK�}^‚hw6+haVFHg2K�X<}$X\K;:`w�K…iTX<a�[CGJ[$iJX\GJK�X<a�[ÙY\[bgJ[$GŠ]bIhK�IL]CIT$^FHaVF [Hƒ

FH‚%G$]‹a�ILgJg`X�ƒ+[^g`iTF a�ILY•IhgJmHXqa�[$Y\[�gJ[$G^- [^ILiTFqa�[Ë]qFHK�[$IhGJFbM\‚hXH_VFH‚–ƒ“}$X\K�gJILa�[^GJFHK�a�X X M\GJF�- X }$X\]qXqw�]

iTX•a�XC[vKVmHXbFHo¬[^KVFUg>FH‚LM\w�K�g³Y�G$G`iJIh}$[^g
[ŠFHG`[^gjikFHgÊ[^] oVFUG`iTIL}^w�‚hFHG‹<¡[$Y•I†ikFHK�a�Xb]r+hK�IL]CX\g³‚LX•}xFHILg�B •

ô�[$YçFHK�a�X>[^]û}^XHK�gJILa�[^GJFHlxmUX>X>GJ[$gJw�‚†ikFHa�X>a�[[1ôX\w�K�M\[^G˜[ôo�GJX•}^w�GTFHK�a�X2}$X\K�gjiTGJw�ILG˜w�] FH‚LM\X\GJI†iJ]bX

„•w�[yiT[^K6)VF�FUgø}^FHGTFU}$iT[$Gl+Lg`iTIL}xFUg a�[$gJ}$GJILiTFHgøFHK…iJ[^GJILX\GJ]b[$K…iT[UƒÊYUFH]bX\g gJw�o¬X\GøFˆ[NM�ILg`iJ|^K�}$I~Fˆa�[yw�]

FH‚hM\XHGJI†iJ]bX�„…w�[8oVFHG`iJIh}$IhX\K�[øXB}$X\K;:`w�KOiTXBa�[(Y�G^GjiTIh}$[^g

V
ƒ a�[8w�] MHGTF�- X

G = (V; A)
ƒÊ[$] a�XHIhg

gJw�_¬}$X\K;:`w�KOiTX\g

V1
[

V2
iTFH‚�„•w�[Ë[NM Ihg`iTFbw�]qFbXHGJa�[$KVFHlxmUX sUiTIh]qFŒa�[

G
}^X\] iJX a�X\g
X\gÊY�G^GjiTIh}$[^g>a�[

V1
õø[^gJ„…w�[$GJaVF(a�XHgvY�G$G`iTIL}^[$g�a�[

V2
•b•�KOikmHX�ƒ˜o¬X•a�[$]qX\gv}$X\K�gjiTGJw�ILGvw�] }$X\K;:`w�KOiTX<a�[qFHG`[^g`iTFHgŠa�[

GJ[$iJX\GJK�X ]r+hK�IL]CXba�[

G
o¬[^‚~Fqw�K�I~mUX a�X }^X\K;:`w�K…iJX a�[�FHGJ[$g`iTFHg7a�[ËGJ[$iJX\GJK�X ]r+hK�IL]CXba�[

G[V1]
ƒ+a�X

}^X\K;:`w�K…iTX a�[CFUGJ[^gjikFHg7a�[�GJ[ÙiTX\GJK�X ]r+hK�IL]CX a�[

G[V2]
[

f (i; j ) j i 2 V2
[

j 2 V1g
•

"

}^G`[^a�I†ikFçP÷gJ[

„•w�[ÊikFH‚VFH‚LM\X\GJI iT]bX7KVmUXŠ[sM ILg`ikF ƒ…aVFHa�XŠ„…w�[
X5>

"

@�G
W>Q@P÷}^X\]bo�‚L[$iJX�•SW>XŠ[$K…ikFUK…iTX�ƒ'@�F\FH_b}$X\K�g`Iha�[$GTF
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w�]�XH_':`[ÙiTI†Y\X�]qFHIhg�gJIL]qo�‚h[^g$•øo�GJX•}^w�GTFHGCw�]qF•o�FHG`iJIhlxmUX

(V1; V2)
ikFH‚³„•w�[(X�}^FHGJa�ILKVFH‚LILaVFHa�[ a�X\g

}^X\K;:`w�K…iTXHg

V1
[

V2
gJ[�:JFH] o�GJs…M Ih]qFHg [ŠFC}xFUGJa�ILKVFH‚hILa�FHa�[7a�Xb}$X\K;:`w�KOiTX

f (i; j ) j i 2 V2
[

j 2 V1g
gJ[t:JF(]bIhK�IL]CIT$^FHaVFÂ< „•w�[ gTmHX8[NM�FUikFH]b[$K…iT[ FHg�}^FHGTFU}$iT[$Gl+Lg`iTIL}xFHgŠa�[$gJ[�:JFHaVFHgËKVF([ÙikFHoVF(a�[ a�I†Y•IhgTmUX�BÙ•

•�gjiT[ o�GJXH_�‚h[$] FðG }$X\K*)�[$}^ILa�X/}^XH]qX(_�ILgJ[^}$lxmUX/a�[ M\GJF�- X\g$•(QSFUGTFí- X\G`] FH‚LI1$xFHG:[^g`iTF8Iha6G^I~F ƒ˜YUFU]qXHg

-¡F,$^[$G
FH‚hMHw�]qFHg³a�[s&VK�IhlHO•[^g$•

€
] FCoVFHGjiTIhl^mHXba�[�w�]ÑM\GJF�- X

G = (V; A)
G�w�]ÑoVFHG
X\G`a�[^KVFUa�X

(V1; V2)
XHK�a�[

V1 [ V2 = V
[

V1 \ V2 = ;
•

Ž

}^w�gjiTXøaVF oVFHG`iJIhl^mHX

(V1; V2)
G�a�[H&VK�ILa�X }$X\]qX.š�£E™L”

(V1; V2) = jf (i; j ) j i 2

V2
[

j 2 V1gj
• €>]qF
çPì%ãnà�Ø…¤H–EÚŒa�[�w�]ÑM\GJF�- X

G
GŠw�]qFbo�FHG`iJIhlxmUX

(V1; V2)
ƒVikFH‚�„…w�[

jV1j � � jV2j
[

jV2j � � jV1j
ƒ�X\K�a�[

1=2 � � < 1
•

Ž

¥SâfÚ,ç�£%à(¢ráÂßEàíçPì%ãnà�Ø…¤H–EÚpßEà•”,âlá•å…Ú < u•4dB�}^X\K�g`IhgjiT[ø[^]<ƒôaVFUa�X�w�]ÓM\GJF�- X•XHGJIh[$K…iTFHa�X

G =

(V; A)
ƒ�[^K�}$X\K…iJGTFHG³w�] _�Ihg`[^}$lxmHXCa�[:}^w�gjiTXC]r+hK�IL]bX�•

"

o¬[^gTFUGÊa�[^g`iJ[vo�G`X\_�‚L[^]qFËgJ[$GÊW2QSPî}$X\]bo�‚h[ÙiTX

I

c�†LK–ƒS@�F\FU_<a�[$gJ[^KOY\X\‚LY\[$w8K�X\giD�‚†iTIL]bX\g FUK�X\g
FH‚LM\X\G`I†iT]CX\g³GJNHo�ILa�X\g [v[s&V}^IL[^K…iJ[^g
oVFHGJFCXUiTIL]qI1$xNçP÷‚LX�•

@�FU_¬[^K�a�X aVFb[sM IhgjiT|$K�}^IhFqa�[ËFH‚LM\X\G`I†iT]CX\g [H&V}$Ih[^KOiT[$g2oVFHGTFbXUiTIh]bIT$^FHG X u54 [�XH_�gJ[$G`YUFHK�a�X „…w�[

w�] F�FUGJ[^gjikF�gJsŒo¬X•a�[7-¡F,$^[$G³oVFHG`iJ[7a�[7w�] }^IL}^‚hXËgJ[:F�X\GJILM\[$]Â[7XŒa�[$g`iTILK�XŒaVFŒFHG`[^gjikF{-¡F,$^[$] oVFHGjiT[

aVFv]b[^g`] F7}^X\]bo¬X\K�[$K…iJ[d- X\G`iJ[^]b[^KOiT[ }^X\K�[NM�F�ƒ6@�FHFH_bo�G`X\o]\\g�XŠFH‚LM\X\G`I†iT]CX:FHo�GJ[$gJ[$K…ikFUa�X�KVF�&VM\w�GJF

��• c••

Ž

K�a�[�™�š�š

(G)
Gvw�] F{- w�K�l^mHXC„•w�[ŠG`[^}^[$_¬[Šw�]ÛM\GTF;- X

G = (V; A)
}^X\]bXŒ[^KOiTGTFHa�FC[:GJ[$iJX\GJK�F

w�] F oVFUG`iTILlxmHX

P = f S : S � V
[

S
ILK�a�w*$Œw�]qF }^X\]bo¬X\K�[^K…iJ[�- XHG`iT[$]q[$K…iJ[Œ}^X\K�[sM�Føa�[

Gg
ƒ�[

–�—�™,’6šL”

(G)
G w�] Fí- w�K�lxmHX/„…w�[ GJ[$}^[$_¬[ w�]ÅM\GTF;- X

G = (V; A)
}$X\]bX/[$K…iTGJFHaVF8[ GJ[$iJX\GJK�F8w�]

_�Ihg`[^}^l^mHX

(V1; V2)
a�[

G
}^XH] o¬[^„…w�[$K�X }$w�g`iJX�•

Ž

FH‚hM\XHGJI†iJ]bXÂ �Ÿ�Ÿ�–�^`_' ˆG`[$iTXHGJKVF�w�]�}^XHK;:`w�KOiTX&a�[(FHGJ[$g`ikFUgqa�[(G`[$iTXHGJK�X

F
a�X&MHGTF�- X

G =

(V; A)
•�@•[

G
Gö- X\GjiT[^]b[^KOiT[ø}$X\K�[NM X�ƒ{[^K…iTmHX

F
G<}$X\]qo�w�ikFHa�X�}^XH]qX�F•w�K�I~mHX•a�XHgb}$X\K;:`w�KOiTX\g

a�[�GJ[ÙiTX\G`K�X a�[�}xFHaVF gJw�_�M\GTF�- X IhK�a�w*$$Iha�X

G[S]
X\K�a�[

S 2 P
•5@•[

G
KVmHX=G{- X\GjiT[^]b[^KOiT[Ë}$X\K�[sM X�ƒ

[^K…iTmHX�ƒ@Fí- w�K�lxmUX
–˜—�™�’6šL”mG w�gTFHaVF8o�FHGTF(oVFUGTF(a�[^}$X\]bo¬X\G�X/}$X\K;:`w�KOiTX/a�[qY�G^GjiTIh}$[^g

V
[^]Åa�X\Ihg

gJw�_¬}$X\K;:`w�KOiTX\g

V1
[

V2
a�[ŠiTFH] FUK*)�X\gÊgJ[$]q[$‚%)VFUK…iT[$g^•

Ž

}$X\K;:`w�KOiTX

F
G�[$K…ikmUX }$X\]bo�w�ikFUa�Xq}^X\]bX

FŸw�K�I~mHX�a�X\gq}$X\K;:`w�KOiTX\gqa�[(G`[$iTXHGJK�X

F1
a�XŸM\GTF�- X

G[V1]
ƒ

F2
a�XŸM\GJF�- X

G[V2]
[(a�X&}$X\K;:`w�KOiTX

L = f (i; j ) j i 2 V2
[

j 2 V1g
•

Ž

FH‚LM\X\GJI†iJ]bXŽ �Ÿ�Ÿ�–	^a_' 0Gv[H&V}$Ih[$K…iT[vo¬X\GJ„…w�[vXbM\GJF�- XCa�[v[$K…iTGJFHaVF

G GTFHo�ILaVFH]b[^KOiT[ba�[$}^X\]bo¬X\g`iJX/[^]ngJw�_�MHGTF�- X\g�]q[$K�X\GJ[$g^ƒ@g`[t:JF8o¬[^‚hFí- w�K�lxmUXm™�š�š(X\wBo¬[$‚~Fí- w�K�l^mHX
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ZLVX|`Vybv€>]ÛM\GTF;- X

G = (V; A)

 V��Å|`VybŠ€
] }$X\K;:`w�KOiTXba�[ŠFHG`[^g`iTFHgÊa�[ŠG`[$iJX\GJK�XCa�[

G



g

P  
™�š�š

(G)
�

g€\Pa

P
iT[$]ÑFHo¬[^K�FHg
w�]Û[^‚L[^]b[^K…iJX

� G
G‹- X\G`iJ[^]b[^KOiT[:}^X\K�[sM X

�

a

µ˜¶

¹*z

�

g \Pa

jV j � 1
a

µ˜¶

¹6z

�

g Z;a

¶

z•Z

µ

V*Z

;
�

g \Pa

µ

¹*z

�

g

(V1; V2)  
–˜—�™,’*šL”

(G)
�

g

F  
 �ŸEŸ�–�^'Ÿ6™

(G[V1]) [
 EŸ�Ÿ�–�^'Ÿ*™

(G[V2]) [ f (i; j ) ji 2 V2
[

j 2 V1g
�

g ¾òÁ \Pa

�

g€\Pa

µ

¹6z


��

g

F  ;

I


g ¿ŠV*ZLVp}^FHaVF

S 2 P
ÍÎVX¸�V


J�

g

F  F [
 �Ÿ�Ÿ�–	^a_' 

(G[S])

��

g ¾òÁ¯¿}V*ZLV
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gR¾òÁ \Pa


J�

gCZLa

¶

zSZ

µ

V*Z

F

>SIhMHw�GTF�� • c •

"
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