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" Xb]b[^wøX\GJIL[^KOikFHa�XHG!#7FZY�Ih[$GÊ[vg`wVFC[^gJo¬XHgTF E8FHG`Ih�LIL}^[7o¬[$�~FCFH]bI%$^FHa�[H��ILK�}^[$K�iJILY\XC[v}^X\K'&�FHK�l^F��
( ]bIhK*)VFøK�X\I�YUF8E8F,+LGTF��t}$X\]boVFHK*)�[$IhGJF<gJ[^]bo�G`[ o�GJ[$gJ[$K�iJ[H��aVFHK�a�X.- X\G`lxF([0/HK�IL]qX<K�X\gË]bXUP
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Q�GJXH_��h[$] FHg�a�X�}^XHK;:`w�KOiTXËa�[>GJ[ÙiTX\G`K�X=<?>A@�QCB�}^XHK�gJILg`iT[$]�[^]
[^K�}$X\KOiTGTFUGRw�]
KED�]b[^G`X�]F+LK�IL]bXa�[�Y�G^GjiTIL}^[^g>X\w8FHGJ[$g`iTFHg>[^]Ñw�]�MHGTF�- XbX\G`Ih[^KOikFHa�X��V}^w;:JFbGJ[^]bX�l^mHXqGJ[$gJw���ikFb[$]�w�]ÑgJw�_�M\GTF�- X FH}H+�P}^�hIL}^X�� " �hM\w�K�g
a�X\g
o�GJXH_��h[$] FHgÊa�[�a�[$}^ILgTmHX FHgJg`X�}^IhFHa�X\g>FHXF>A@�Q�gJmHXq}^X\K*)�[^}^ILa�X\g2W>QSPî}^XH]qo��h[$iJX\g
I c,J;K�� W>[$g`iJ[biTGTFU_VFH�%)�X<FHo�GJ[$gJ[$K�ikFU]qX\g�w�] FøG`[$Y�IhgJmHX(a�[b��wVFUiJGJX8FU�hM\X\G`I�iT]CX\g7oVFHGTFøGJ[$gJX\��Y\[^G�o�G`XUP_��h[$] FUg2a�[�}^X\KL:`w�K�iJXøa�[�G`[$iTXHGJK�X���_¬[^]r}$X\]qX G`[^g`w��LiTFHa�X\g7a�[�[NM o¬[^GJIL]q[$K�iJX\g7}^X\]bo�w�iTFH}^ILX\KVFHILg>[}^X\]boVFHGJFHlPO�[$gÊ[^KOiTG`[�[$�h[^g$�RQtFH]�_SG^] FHo�GJ[$gJ[$K�ikFU]qX\gÊw�] F�]b[^�T)�X\G`I~FË[$] w�] a�X\g
FU�hM\X\G`I�iT]CX\g$�
U�VXW�V�Y[ZLVX\^]�_`V�YSaE\,bô}^XHK;:`w�KOiTX7a�[{G`[$iJX\GJK�X��H}^X\KL:`w�K�iJX7a�[³FHG`[^gjikF2a�[RGJ[$iJX\GJK�X��H}^XHK;:`w�K�iJX7a�[RY�G$G`iTIL}^[a�[vGJ[$iJX\GJK�X��Vo�GJX\_��L[^]qFHg³a�[v}^X\K;:`w�K�iTXba�[�G`[$iJX\GJK�X��VMHGTF�- X\g o��~FHKVFUGJ[^g$�
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}^FHGJa�ILKVFH�LI�i�gCgJ[Ùi X,-�Y\[$G`iJIh}$[^gX\G�[^a�M\[^g�hi)�X\gJ[øGJ[^]bXZYUFH�jg\[$�ha�gCFHKÉFU}Hg�}^�LIh} g`w�_�M\GJFHo*)-�k@ XH]q[ X�->il)�[øa�[$}^ILgJIhXHK�o�GJXH_��h[$]qg�FHgjPgJX�}^IhFUiT[$amhÊI�if)�if)�[=>@QC@�Ihg3e�K�XnhÊKBiTX8_¬[ W2QSPî}$X\]bo��h[ÙiT[ I c,J;K �
oîKBil)�Ihg5hRX\Gleph{[ o�G`[^gJ[$K�iq- X\w�GFH�hM\XHGJI�il)�] iJX8gJXH�LY\[r- [^[$a�_VFH}�e�gJ[Ùi�o�GJXH_��h[$]qg�FUK�aBG`[^g`w��LiJgËX�- }^X\]bo�w�iTFUiTILX\KVFU��[sM o¬[^G`Ih]b[^KOiTgË_¬[ Pith{[$[^K<if)�[^]<�Au�[�FH�LgJXCo�G`[^g`[^K�iJg2FHKøIh]bo�GJXZY\[^]b[^KOiÊILK<FHK(FH�LM\X\G`I�if)�]ø�
v
a�wyx{zSZ;|}\,b5- [$[^a�_VFU}Ne8gJ[Ùix�y- [^[$a�_VFH}�eyFUGJ}�gJ[Ùix�y- [^[$a�_VFH}�e8Y\[$G`iTIL}^[�gJ[$i^�y- [^[$a�_VFH}�e/g`[$ivo�G`X\_��h[$]qg$�o��~FHK�FHG³M\GTFHo6)-�
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c �1� f2IhFHM\GTFU] FUg�a�[{MHGTF�- XHg^��<�F�B�f2I~FHMHGTFH]qFÊa�[{w�] M\GJF�- X>X\GJIL[^KOikFHa�X��!< _�B�f2I~FUM\GTFH]qF
a�[vw�] M\GJF�- XCK�mHXbXHGJIh[$K�iTFHa�X ������������������������������������������������� o-�H�®e

c � c �>]qF�IL]q[$GJgTmUXCo��~FHKVFUG [vg`wVFHgi-¡FU}^[^g�������������������������������������������� o-�H�nJ
c ��� @ w�_¬a�I�Y�IhgTmUXCaVFbFHG`[^g`iTF

uv
��������������������������������������������������� o��P�n�

c ��� �
K3,3

GvKVmHXCo��hFHKVFHG���������������������������������������������������������� o-�P���
c � e �

K5
GvKVmHXCo��hFHKVFHG ��������������������������������������������������������� o-�P���

c ��� � GJa�[$] }P+L}^�hIL}xFËIhK�a�w6$^ILaVF�o¬[^�LXCa�[^g`[^K*)�X a�XbMHGTF�- X ��������������������������� o-�TcHd
c ��� z{Ih}$�hX\gj-¡FH}^IhFHILg³a�[vw�] a�[$gJ[^K6)�X o��hFHKVFUGÉ��������������������������������������� o-�TcHd
c ��J �>] M\GJF�- X�o��~FUKVFHG{[7gJ[^wøa�wVFU� � � g³Y�G$G`iTIL}^[$gÊo�IhKOikFHa�XHg³[vFUgÊFHG`[^gjikFHg³iJGTFH}$[t:JFHa�FHg

gTmUXba�XbM\GJF�- XCa�wVFH� �>����������������������������������������������������������� o-�Tc'�
c ��� �>]ÑM\GJF�- XbX\GJIL[^K�iTFHa�Xbo��hFHKVFHGÊ[�gJ[^w8a�wVFH��� � gÊY�G^GjiTIh}$[^g>o�IhKOikFHa�X\g
[�FHg2FHG`[^gjikFHg

iTGJFH}^[�:JFHaVFHgÊgJmHXba�XCM\GTF�- X�a�wVFH��� ����������������������������������������������� o-�Tc\c
c �1�Zd�> " @

⇒
>���@������������������������������������������������������������������ o��kc��

c �1������M [^]bo��hXCa�[:iTGJFHK�g�- XHGJ]qFHlxmUXCa�Xr> " @ oVFHGTF�>���@+�û��������������������������� o-�Tc��
c �1�®c�>���@

⇒
> " @������������������������������������������������������������������ o��kc\e

c �1�n����M [^]bo��hXCa�[:iTGJFHK�g�- XHGJ]qFHlxmUXCa�Xr>���@ oVFHGTF�> " @+�û��������������������������� o-�Tc,�
���1� �>] FH�hMHX\GJI�iJ]bX�gJIL]qo��h[^g³oVFUGTF�GJ[^g`X\�LY\[$GÊXF> " @ ������������������������������� o-�Tc,�
��� c " �LM\X\G`ILiJ]bX�o�G`X\o¬X\g`iJXbo¬X\G�@�F\FH_øoVFHGTF�GJ[$gJX\��Y\[^GÊXr> " @ ����������������������� o-�l�Oc



����� >Vw�K�l^mHX��*�������'���B������������������������������������������������������������� o-�f�,�
����� >Vw�K�l^mHX������,�*�L�øw�gJFHK�a�Xb[$Y\XH�hw�l^mHXb[$g`iTX�}^NHg`iJIh}^F ����������������������������� o-�l�Oe
��� e ��gJ_¬X�l^XbM\[^GJFH��a�FC]b[$ikF®P�)�[$w�Gl+Lg`iTIL}xF�u5� " @�Q ��������������������������������� o-�l���
����� >Vw�K�l^mHX��6�������,�*�����L�*�����,�E *�;¡'� ��������������������������������������������� o-�l��J
����� ��M [^]bo��hXCaVFbFUo��hIL}xFHl^mHX�aVFq- w�K�l^mHX��6�����S�,�*�n�S�L�*�����,�E *�;¡'�V������������������� o-�l��J
����J >Vw�K�l^mHXF¢6£L�S�;�E���S�;�'¤��'�E���E¥��*���6�*£L¦��;¡'���' 6£�§;�E����£;� ������������������������� o-���Od
����� >Vw�K�l^mHXr¨*£E�,�6§� ������X�L©p������������������������������������������������������� o-�l�6�
���1� " �LM\X\G`ILiJ]bX�o�G`X\o¬X\g`iJXbo¬X\G�@�F\FH_øoVFHGTF�GJ[$gJX\��Y\[^GÊXr> " @ ����������������������� o-�Te'�
e �1� QtFH]qFHK*)�XCa�Xb}$X\K;:`w�KOiTXba�[�G`[$iTXHGJK�XCoVFHGTF�M\GJF�- X\g }$X\]�eHd�Y�G^GjiTIL}^[$g^�i���,�q[��E�,��� o-�Te,�
e � c Q�[^]bo¬Xb]FG$a�IhX�aVF�ILiT[$GTFHl^mHX�oVFHGTF�M\GJF�- X\g }^XH]�eHd�Y�G^GjiTIh}$[^g$�i���,�q[����,��� ����� o-�Te,�
e ��� QtFH]qFHK*)�XËa�X�}^X\KL:`w�K�iJX�a�[7GJ[ÙiTX\G`K�X�oVFUGTFËM\GJF�- X\gR}^XH] eUd�Y�G$G`iTIL}^[$g^�!�E�,�����������

[��6ª���������������������������������������������������������������������������� o-�ke,�
e ��� Q�[^]bo¬Xb]FG$a�IhX�aVF�ILiT[$GTFHl^mHX�oVFHGTF�M\GJF�- X\g }^XH]�eHd�Y�G^GjiTIh}$[^g$�i���,�V�S�'§E��[��*ª���� o-�Te��
e � e QtFH]qFHK*)�X�a�X�}$X\K;:`w�KOiTX�a�[7GJ[ÙiTX\G`K�X�oVFHGTF�M\GTF�- XHg{}^XH]«�ZdHd�Y�G$G`iTIL}^[$g^�d���,�C[3�������êo-�Te,J
e ��� Q�[^]bo¬Xb]FG$a�IhX�aVF�ILiT[$GTFHl^mHX�oVFHGTF�M\GJF�- X\g }^XH]¬�Zd\d�Y�G$G`iJIh}^[$g^�d�E�,�q[����,�,� ��� o-�Te,J
e ��� QtFH]qFHK*)�X7a�X:}$X\K;:`w�KOiTX:a�[³GJ[ÙiTX\G`K�X:o�FHGTF2M\GJF�- X\gt}^X\]­�Zd\d
Y�G^GjiTIh}$[^g$�����,���*�������

[��6ª���������������������������������������������������������������������������� o-�ke��
e ��J Q�[^]bo¬Xb]FG$a�IhX�aVF�ILiT[$GTFHl^mHX�oVFHGTF�M\GJF�- X\g }^XH]¬�Zd\d�Y�G$G`iJIh}^[$g^�d�E�,�����'§E��[��6ª�� o-�Te,�
e ��� QtFH]qFHK*)�X�a�X�}$X\K;:`w�KOiTX�a�[7GJ[ÙiTX\G`K�X�oVFHGTF�M\GTF�- XHg{}^XH] eHdHd�Y�G$G`iTIL}^[$g^�d���,�C[3�������êo-�l�\d
e �1�Zd�Q�[^]bo¬Xb]FG$a�IhX�aVF�ILiT[$GTFHl^mHX�oVFHGTF�M\GJF�- X\g }^XH]�eHd\d�Y�G$G`iJIh}^[$g^�d�E�,�q[����,�,� ��� o-�l�\d
e �1���®QtFH]qFHK*)�X7a�X:}$X\K;:`w�KOiTX:a�[³GJ[ÙiTX\G`K�X:o�FHGTF2M\GJF�- X\gt}^X\]6eHd\d
Y�G^GjiTIh}$[^g$�����,���*�������

[��6ª���������������������������������������������������������������������������� o-�f�'�
e �1�®c�Q�[^]bo¬Xb]FG$a�IhX�aVF�ILiT[$GTFHl^mHX�oVFHGTF�M\GJF�- X\g }^XH]�eHd\d�Y�G$G`iJIh}^[$g^�d�E�,�����'§E��[��6ª�� o-�l�6�



e �1�n��QtFH]qFHK*)�X<a�X<}^X\KL:`w�K�iJX(a�[bGJ[ÙiTX\G`K�X<oVFHGTFøM\GJF�- X\gv}$X\]¯�xd\d\d Y�G^G`iJIh}$[^g^�r���,�8[
���,�,� ������������������������������������������������������������������������� o-�f�\c

e �1����Q�[^]bo¬Xb]FG$a�IhX�aVF�ILiT[$GTFHl^mHX�oVFHGTF�M\GJF�- X\g }^XH]¬�Zd\dHd�Y�G^GjiTIh}$[^g$�i���,� [����,���û��� o-�l�Oc
e �1�®e�QtFH]qFHK*)�X�a�X�}^XHK;:`w�K�iJX�a�[<G`[$iTXHGJK�X�oVFHGJF�M\GTF�- XHgC}^X\] �Zd\dHdyY�G$G`iTIL}^[$g^�°�������

���,��� [��6ª��/������������������������������������������������������������������� o-�f�,�
e �1�n��Q�[^]bo¬Xb]FG$a�IhX�aVF�ILiT[$GTFHl^mHX�oVFHGTF�M\GJF�- X\g }^XH]¬�Zd\dHd�Y�G^GjiTIh}$[^g$�i���,�V�S�'§E��[��6ª�� o-�l���
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e �1� " �LM\X\G`ILiJ]bXHg{iT[$g`ikFUa�X\g���������������������������������������������������������� o-�keHc
e � c �Ê[^gJw��LikFUa�Xbo�FHGTF�M\GTF;- X\g }^XH]�eHd�Y�G^GjiTIh}$[^g$�i���,�V�y���,�����[���,���<[����,����� ������� o-�Te,�
e ��� �Ê[^gJw��LikFUa�Xbo�FHGTF�M\GTF;- X\g }^XH]�eHd�Y�G^GjiTIh}$[^g$�i���,�V�S�'§E�C[��6ª��q������������������� o-�Te��
e ��� �Ê[^gJw��LikFUa�Xbo�FHGTF�M\GTF;- X\g }^XH]¬�Zd\d�Y�G$G`iTIL}^[$g^�d�E�,���[���,�����[���,�,�ø[���������� ����� o-�Te,J
e � e �Ê[^gJw��LikFUa�Xbo�FHGTF�M\GTF;- X\g }^XH]¬�Zd\d�Y�G$G`iTIL}^[$g^�d�E�,�����'§E���*�6ª��q������������������� o-�Te,�
e ��� �Ê[^gJw��LikFUa�Xbo�FHGTF�M\GTF;- X\g }^XH]�eHd\d�Y�G$G`iTIL}^[$g^�d�E�,���[���,�����[���,�,�ø[���������� ����� o-�l�\d
e ��� �Ê[^gJw��LikFUa�Xbo�FHGTF�M\GTF;- X\g }^XH]�eHd\d�Y�G$G`iTIL}^[$g^�d�E�,�����'§E���*�6ª��q������������������� o-�l�6�
e ��J �Ê[^gJw��LikFUa�Xbo�FHGTF�M\GTF;- X\g }^XH]¬�Zd\dHd�Y�G^GjiTIh}$[^g$�i���,�V�y���,�����[���,���<[����,�����D����� o-�l�Oc
e ��� �Ê[^gJw��LikFUa�Xbo�FHGTF�M\GTF;- X\g }^XH]¬�Zd\dHd�Y�G^GjiTIh}$[^g$�i���,�V�S�'§E� �6�6ª�������������������� o-�l���
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³ ´Hµ�¶ ZLz[|}·�¸�¹*z o-�P�Zc
�\�1� � _':`[ÙiTI�Y\X\g ������������������������������������������������������������������� o-�P���
�\� c 2Hw�g`iJIT&V}^FUiTI�YUFHg ��������������������������������������������������������������� o-�H�n�
�\��� ��g`iTG`w�iTw�GTFba�Fbf2ILgJgJ[$G`ikFUlxmHXÈ��������������������������������������������������� o-�H�n�

º » z µ ]�aE¼ ¶ zS\�a½|`a�¾ µ ¼?¸�¹*z®|`z®¿}ZLzSÀ�W�a'ÁÂV o-�P�Ze
c �1� uvGJF�- X\g6����������������������������������������������������������������������� o-�P�Ze
c � c Q��~FHK�FHGJILaVFHa�[Û����������������������������������������������������������������� o-�H�L�

c � c �1� oî]b[^G`gTmHXC}^XH]�_�IhKVFçiTX\G`IhFH�+o��hFHKVFHG ������������������������������������� o-�H�n�
c � c � c u:GTF;- XCa�w�FH� ����������������������������������������������������������� o-�kcUd

c ��� Q�GJX\_��h[^]qFHg a�Xb}^XHK;:`w�K�iJXba�[vGJ[ÙiTX\G`K�X������������������������������������������ o-�Tc'�
c �����1� Q�G`X\_��h[$]qF�a�XC}^X\K;:`w�K�iTXba�[vY�G$G`iJIh}^[$g
a�[vG`[$iTXHGJK�X ��������������������� o-�Tc\c
c ����� c Q�G`X\_��h[$]qF�a�XC}^X\K;:`w�K�iTXba�[�FUGJ[^gjikFHgÊa�[vGJ[ÙiTX\G`K�X ��������������������� o-�Tc,�
����w�ILYUFU�h|$K�}^IhF�[^KOiTGJ[vX\gÊo�G`X\_��L[^]qFHgi>}��@ [5> " @ ����������������������������� o-�Tc,�

Ã Ä ZLV*À�V*W?_`z�\�ZLaEWÅV*]�¼Åz µ VX|}zS\ o-�kc,�
���1� �Ê[^�~FUlxmHX�[^KOiTGJ[vX\GJa�[^KVFUlxmHXba�[:Y�G$G`iTIL}^[$g
[v}^XHK;:`w�K�iJXba�[�FHGJ[$g`ikFUg
a�[vG`[$iTXHGJK�X8��� o-�Tc,J
��� c �>]qF�)�[$w�Gl+Lg`iTIL}xF�g`Ih]bo��h[$g o�FHGTF�GJ[$gJX\��Y\[^GÊXr> " @ ����������������������������� o-�Tc,�
����� �@Y\X\�hw�lxmHXC[^g`iJX�}xNHgjiTIL}xFbFHo��LIh}^FHaVF�FUXF> " @ ������������������������������������� o-�l�\d



�@Y\X\�Lw�l^mHXb[$g`iTX�}^NHg`iJIh}^F ����������������������������������������������� o-�f�\c
����� u5� " @�Q?FHo��hIL}xFHa�XCFHXr>���@&��������������������������������������������������� o-�l�,�

>�FUgJ[va�[v}^XHK�g`iJGJw�l^mHX ������������������������������������������������� o-�f�,�
>�FUgJ[va�[v_�w�g`}xFb�LX�}xFH�&������������������������������������������������� o-�l�\d

��� e @ X\�Lw�lxmUXCa�XF> " @ oVFUGTF�M\GTF�- XHg o��~FHK�FHGJ[$g ������������������������������������� o-���*�
����� " �LM\X\G`ILiJ]bXHg³a�[:iT[$g`iT[va�[vo��~FHK�FHGJILaVFHa�[ ��������������������������������������� o-�����

Æ Ç W�ÈSz�Z;¼ ¶ ÁÂz°¿}Z;z�¿AzS\ ¶ z o-�l���
���1� " _¬XHGJaVFHMH[^K�g
FHK�iJ[^GJILX\GJ[$g ����������������������������������������������������� o-�����

É Ê aE\�·}W ¶ VX|}zS\�z�À ¶ ¼Å|`z�\ o-�keHc
e �1� uvGJF�- X\g³}^X\]ÑeHd�Y,G^G`iJIh}$[^gÛ����������������������������������������������������� o-�Te,�
e � c uvGJF�- X\g³}^X\]Ë�Zd\d�Y�G^GjiTIL}^[^g ��������������������������������������������������� o-�Te��
e ��� uvGJF�- X\g³}^X\]ÑeHd\d�Y�G^GjiTIL}^[^g ��������������������������������������������������� o-�Te��
e ��� uvGJF�- X\g³}^X\]Ë�Zd\d\d�Y�G$G`iJIh}^[$g&��������������������������������������������������� o-�Te\e
u:GTN�&V}$X\g [viTFH_¬[^�hFHg<����������������������������������������������������������������� o-�Te\e

» z µ ]�W?·}\PÌyaE\ o-�f���
Q�GTFH_�FH�%)�X\gd- w iTw�G`X\g������������������������������������������������������������������ o-�l�,�

Ê a�ÍÎa�Z;Ï µ ]�¼ÅV*\ o-�f�,�
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]ÙØ�Ú;Û�ÜNÝ'ÛXÞ�Ú=ßEà{á,â�à�ãsÞäá;ã{ßEà3âfàsÞtÚ;âNÛ�Ú
<æå�à�àlß�ç�áEØ�èFá,âfØ�ãnàsÞlB a�[�w�]ÑM\GJF�- XrG�w�]ÑgJw�_¬}$X\K;:`w�KOiTX
a�[
FHG`[^g`iTFHg^��}$w;:JFvG`[^]bX�lxmHX7iTX\G`KVF:XvM\GTF;- X�FU}P+h}$�hIL}^X��Sf7F:]q[$gJ]qF�- XHGJ]qF��\w�]éØ�Ú;Û�ÜNÝ'Û*ÞtÚ3ßEà�ê,ësâNÞÅìäØNà�ã
ßEà�â�àsÞ�Ú;âNÛ�Úí<îå�à�àlß�ç�áEØ�èqê,àsâNÞtà�ïrãnàsÞ�B³a�[vw�]ÛM\GJF�- X�Gvw�]ÛgJw�_¬}$X\K;:`w�K�iTXba�[:Y�G$G`iTIL}^[$g^�V}^w;:JF�GJ[$]qX�l^mHX
iTX\G`KVFbXqM\GTF;- X FU}P+h}$�hIL}^X�� � g
o�GJXH_��h[$] FHgÊa�[ðØ�Ú;Û�ÜNÝ'ÛXÞ�Ú=ßEà3âfàsÞ�Ú;âsÛ�ÚC}^XHK�gJILg`iT[$]�[^]Ñ[^K�}$X\K�iJGTFHG
w�]
}^X\K;:`w�K�iTXba�[�G`[$iJX\GJK�XCa�[:Y�G^GjiTIh}$[^g
XHw(FHG`[^g`iTFHgÊa�[v}^w�gjiTX½< }xFHG`a�IhK�FH�hILa�FHa�[nBô]F+LK�IL]bX��

@ [$M\w�K�a�X.>V[^gjikF���QSFHG`aVFH�LX\g:[r�
[$gJ[$K�a�[ I ��K�ñ�a�[$K�iTG`[CX\gvo�G`X\_��h[$] FUg:}^�hNHg`gJIh}$X\gva�[bXUiTIh]bIT$^FHl^mHX
}^X\]�_�ILKVFUiJs\GJIhFCW2QSP÷}^X\]bo��L[$iTXHg^��X\g>o�GJXH_��h[$] FUg
a�[�}^X\K;:`w�K�iJX a�[ËG`[$iTXHGJK�X gJmHX X\g>]b[^K�XHg>}^X\]bo�G`[ÙP
[^K�a�ILa�X\g$�òoîgjiTX�&�}xF:]qFHILgS[ÙY�Iha�[$K�iT[ o¬[$�~F7-¡FU�LiTF2a�[³GJ[$gJw���ikFHa�XHg�o¬XHgJILiJILY\X\gS[$]DiJ[^GJ]bX\g@a�[ÊFH�LM\X\G`I�iT]CX\g
[sM�FUiTXHg
[�FHo�GJXnM IL] FUiJI�Y\X\gtók�

( oVFHGjiT[va�[�g`[^w(IhKOiT[^G`[^g`gJ[viT[^sHGJIh}$X���X\gÊo�GJXH_��h[$] FHg a�[�}^XHK;:`w�K�iJXqa�[�GJ[ÙiTX\G`K�XCiT|$]�FHo��hIL}xFHlHO�[^g
o�GTNUiJIh}^FHg^� ikFHILg³}^X\]bX���FHKVNH�LIhg`[7a�[vg`IhgjiT[^]qFHg [$] �hFHGJM\F�[$gJ}xFU�~F�}^XH] G`[$iJX\GJK�X���a�[^g`[^K*)�XHg>a�[:M\GTF�- XHg^�
Y\[^GJI1&V}xFUlxmHXba�[�o�GJX\M\GJFH]qFHg^��IhK'- [^GJ|$K�}$I~F�[$g`ikFçif+hgjiTIL}xF���a�[^g`[^K*)�X a�[v}^ILGJ}$w�ILiJX���ô}@'ok�V[$iJ}H�

�
] F7Y\[P$
��w�[>X\g�o�GJXH_��h[$] FUg�a�[
a�[^}$IhgJmHXËFUgJgJX�}$I~FHa�X\g�õv[$K�}^X\KOiTGJFHGô}$X\K;:`w�KOiTX\gôa�[ÊGJ[$iJX\GJK�X�gJmHX
W2QSPî}$X\]bo��h[ÙiTX\g$�òG }$X\]�w�]nXy[$g`iJw�a�Xya�[ FH�LM\X\G`I�iT]CX\g�[sM�FUiTXHg�o¬X\�hILK�X\]bILFHI�g���w�[ G`[^gJXH�LYUFH]n}xFHg`X\g
[^gJo¬[$}P+1&V}^XHg�a�X8o�GJX\_��L[^]qF�� z{ILiTFH]bX\gv}$X\]qX<[NM�[$]qo��hX(X(o�G`X\_��L[^]qFøa�X(}$X\K;:`w�KOiTX(a�[ FHG`[^gjikFHg�a�[
GJ[$iJX\GJK�XboVFHGJFCMHGTF�- X\g o��~FHKVFUGJ[$g^����w�[�o¬X�a�[vgJ[$G
GJ[$gJX\��Y�Iha�X�[^]ÛiT[$]qo¬XCo¬X\�LIhK�XH]bIhFU� I �Zc �X��K��

�Ê[^}$[^K�iJ[^]b[^KOiT[U��g`w�GJMHIhGTFU] KVF��LILiJ[^GTFçiTw�GJF�a�XHIhg<FH�hMHX\GJI�iJ]bXHgö)�[^w�Gl+hgjiTIL}^X\gøo�GTNçiTIh}$X\g I c,���
c��LK
��w�[�o�GJX�a�w*$$[^] GJ[$gJw���ikFHa�X\g GJ[^�L[$YUFUK�iJ[^g [^] iT[$GJ]bX\g a�[y��wVFU�hILaVFHa�[8a�[/gJX\�Lw�lxmHX&Y\[^G`gJw�g iT[$]qo¬X
a�[�o�GJX�}$[^g`gTFH]b[^KOiTX��3oîg`iTXöG�oVFHGjiTIh}$w��~FUGJ]b[$K�iJ[Ë}^X\KOY\[^K�IL[^KOiT[U��o+XHIhg:FU]qo��LIhF FHg7o¬[^GJg`o¬[^}ÙiTILYçFHgvoVFHGJF
FH�hM\XHGJI�iJ]bXHg³]q[$�%)�X\GJ[$gÊ[:] FHILg³[H&V}$Ih[$K�iT[$g^�
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W
X\gJg`X�XH_':`[ÙiTILYHXpG<FHo�G`[^gJ[$K�iTFHGbw�]ÓG`[$Y�IhgJmHX�a�[(FU�hM\XHGJI�iT]CXHg�oVFHGJF�[$K�}$X\K�iJGTFHGC}$X\K;:`w�KOiTX\gCa�[
GJ[$iJX\GJK�X��ôW
X\gJg`X\g
X\_E:`[ÙiTILY\XHgÊ[$gJo¬[^}H+T&V}$X\g
gTmHX��

•
o�G`X\o¬X\G2Fqw�iTIL�hIT$^FHlxmUXba�[Ëw�] FH�hM\XHGJI�iJ]bXbo¬X\�LIhK�XH]bILFH��[NM�FçiTX oVFHGJFqGJ[$gJX\��Y\[^G2X o�G`X\_��L[^]qFba�X
}^XHK;:`w�KOiTX�a�[
FHGJ[$g`iTFHg�a�[ÊG`[$iJX\GJK�Xvo�FHGTF:MHGTF�- X\g@o��~FUKVFHGJ[$g�}$X\]qX:oVFHg`gJX�ILK�iT[$GJ]b[^a�IhNHGJI�X7a�[ w�]
FH�LM\X\GJI iT]CX�o�FHGTF�GJ[$gJX\��Y\[^GÊXbo�GJX\_��L[^]qF�oVFHGJFCM\GJF�- X\g M\[$GTFHILg��

•
FHo�GJ[^g`[^KOikFHG³w�] [^gjiTw�a�XC}^XH]qoVFUGTFUiJILY\XË[$K�iTG`[:XHg FH�hMHX\GJI�iJ]bXHgR[sM ILg`iT[$K�iJ[^g oVFHGTFËGJ[$gJX\��Y\[^G³o�GJXUP
_��L[^]qFHg a�XC}^X\KL:`w�K�iJXba�[�G`[$iJX\GJK�X��

�
	�� � �!������"$#&%'���(�)%*�

" o¬[^gTFUGva�[�[NM Ihg`iJIhGJ[$] YUNHG`IhXHg:FH�hMHX\GJI�iJ]bXHg2KVF �hI�iT[^GJFUiTw�GJF��+K�[$K*)�w�] a�[^�L[^g:[NM o��hX\GJF Xö-¡FçiTX a�[
[sM IhgjiTIhGÊFH�LM\X\GJI�iJ]bXHg o¬XH�hIhK�X\]bILFHI�g [sM�FUiJX\g
oVFHGJFbG`[^g`X\�LY\[$G
Xbo�GJX\_��h[$] F�a�Xq}^XHK;:`w�KOiTXqa�[�FUGJ[^gjikFHg
a�[
GJ[$iJX\GJK�XboVFHGJFCMHGTF�- X\g o��~FHKVFUGJ[$g^�

" �%G^] a�Ihg`gJX���KVmUX�- XHI�FHo�G`[^g`[^K�iTFHa�XbK�[^K6)�w�] [^gjiTw�a�Xb}^XH]qoVFUGTFUiJILY\X�a�[vGJ[$gJw���ikFHa�XHgÊ}$X\]bo�w�ikF®P
}^IhXHKVFHILg a�[5)�[^w�G�+hg`iJIh}^FHgÊG`[^}$[^K�iJ[^g$�¬}^X\]bXbF�a�[3@�F\FH_ I c��LK�[�QSFHGJaVFU�hX\g$�,+7I~FHK [5�
[$gJ[$K�a�[ I c,�;K �
�
	.- /0���213�4�5�613% 7!% 89���5�2��15�5%
:&;*�

��g`iTF�a�IhgJg`[^GjikFHl^mHX�[^gjikNvX\GJMOFUK�I%$^FHaVF7aVFvg`[^M\w�IhK�iJ[d- X\G`] F���K�X�}xFUo*+LiJw��hX�c7gTmHX�FHo�GJ[$gJ[$K�ikFUa�X\gôX\g
}^X\K�}$[^I�iTX\gôMH[^GTFUIhg�a�[>MHGTF�- X\g���w�[>gTmHX�w�iTIL�hIT$^FHa�X\g�FHX��hX\K�M\Xva�[^gjiT[
iJGTFH_VFU�%)�Xv[ÊiTFH]�_SG^]
Fva�[H&�K�Ihl^mHX
a�X\gÊo�GJXH_��h[$] FUg a�[v}^XHK;:`w�KOiTXba�[vGJ[ÙiTX\G`K�X��

� }xFUo*+LiJw��hXö� }$X\K�ilG^] w�] F G`[$Y�IhgJmHXøa�[���w�FUiTG`X(FU�hM\X\G`I�iT]CX\g2o�FHGTF [^K�}$X\K�iJGTFHG:}^X\KL:`w�K�iJX\gva�[
GJ[$iJX\GJK�X��Ëw�]ÅFH�LM\X\G`I�iT]CXøgJIh]bo��L[^gv[qw�] Fð)�[^w�G�+hgjiTIh}^F<a�I�Y ILa�IhG:oVFUGTF<}^X\K���w�ILg`iTFHG�oVFUGTF<[^K�}$X\K�iJGTFHG
}^X\K;:`w�K�iTX7a�[ FUGJ[$g`ikFHgSa�[{GJ[ÙiTX\G`K�X��Hw�] FH�hM\XHGJI�iJ]bX
_VFHg`[xFHa�X:K�X:u5� " @�QyoVFUGTF>[^K�}$X\K�iJGTFHGS}$X\K;:`w�KOiTX
a�[ÊY�G^GjiTIh}$[^gôa�[
GJ[ÙiTX\G`K�X�[Êw�]�FH�LM\X\G`I�iT]CX:o¬X\�hILK�X\]CIhFU��[sM�FUiJX�oVFHGTFv[$K�}^XHK�iTGJFHGô}$X\K;:`w�KOiTX�a�[>FHGJ[$g`ikFUg
a�[vGJ[$iJX\GJK�XboVFHGJFCMHGTF�- X\g o��~FHKVFUGJ[^g$�
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W
XC}^FHo*+LiJw��hX{�bFUo�GJ[$gJ[$K�ikFU]qX\g w�] FË]qX�a�I1&V}xFUlxmHX�K�XbFH�LM\X\G`I�iT]CXËa�[5@�F\FU_ I c��;K���W>X�}xFHo6+LiTw��hX

eCFUo�GJ[$gJ[^KOikFH]bX\gÊXHgÊGJ[$gJw���ikFHa�XHgÊ}^XH]qo�w ikFH}$IhX\K�FHIhg{X\_�iJIha�XHg^��_¬[$] }^X\]bXbFHg }^X\]boVFHGJFHlPO�[$gÊ[$K�iJGJ[vX
FH�hM\XHGJI�iJ]bX�o�G`X\o¬X\g`iJXb[vX\g
FH�LM\X\G`I�iT]CX\g³a�[{@ F\FH_ I c��LK�[vXCa�[�QSFHGJaVFU�hX\g$�,+7I~FHK [5�
[$gJ[$K�a�[ I c,�;K��

z{X\K�}^�hw6+h]bX\g³[^gjikFCa�Ihg`gJ[^GjikFHl^mHXbK�XC}xFHo6+LiTw��hXbe ���bILK�a�IL}xFHK�a�XCo¬X\g`gl+�Y\[^ILg iTGTFH_�FH�%)�X\g!- w�iJw�GJXHg^�
" ��w�[^] o¬X\g`gTF�IhKOiT[^G`[^gJgJFHG^�{[$g`iJ[<iTGTFU_VFH�T)�X�- X\I [^g`}^GJI�iTX�K�XPO�çPÝ'Û*Þ?ÝRQ�ì ÛXÝ,ï0S�w�iTIL�hIT$^FHK�a�XyX

[^a�I�iTX\GUTS�P¦4Vx��FUg³IL�hw�gjiTGTFUlPO�[^gC- X\GJFH] - [^I�ikFHgR}^X\]ÂXq�����XWÊ[2X�M\GTN�&�}^X\g{}^XH] XGY�������§E£;�[Zç� � [$g`iJIh�hX
a�[�- X\GJ]qFUikFUlxmHX�oVFHGTF�XCgJIhgjiT[$] F�ô]\fQ � # w iTIh�LIT$^FHa�Xq- XHI-Xq±_^ §*Q � #a`x�

bEc�dedef[gih(hkj2j2jml nHoHnqp�denqrtsup�nwvxl y(z|{}.c�dedef[gih(hkj2j2jml ~�su��l y(z|{�.c�dedef[gih(hkj2j2jml {�pHy(���(l y(z|{�h�fqzeyk�J����d|�Ehk�ws]��h� c�dedef[gih(hkj2j2jml {�p�nHfHruy�d�l supw�=y� c�dedef[gih(h���oHp�d|��vxl ��yw�wsu{(y�rust~�ze�(l y(ze{Hl oHz
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W
[^g`iJ[ø}xFHo6+LiTw��hXyFHo�GJ[^g`[^KOikFH]bX\g�X\g�}$X\K�}$[^ILiJX\g�_VNHg`Ih}$X\g�g`X\_�GJ[ iT[$X\GJIhF/a�X\g�M\GTF;- X\g�[ o��~FUKVFHGJI P
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G
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" gJ[$M\w�ILG^�Oa�[s&VK�Ih]bX\g@a�X\Ihg@}^X\K�}^[$ILiTXHg�w�iJIh�hI1$xFHa�XHg@KVF:}xFUGTFH}ÙiT[$GJI%$^FHlxmUXva�[ÊM\GJF�- X\g@o��~FUKVFHGJ[$g�] FUIhg
w�iTIL�hIT$^F���F a�[ Ô:w�GJFUiTXnhÊgle�I I �n�;K ���
] F°Úk¥Xàsâ�áX¤H�EÚðßEà3ãsÝ6ç�ß,ì ênì%ã��EÚ a�[�w�]qF FHG`[^gjikF

e = (u, v)
GCF

gJw�_�gjiTI�iTw�ILlxmHXCa�[
e
o¬X\GÊw�]ÑK�X®Y\XCY�G^GjiTIL}^[

w
[va�wVFUg
K�XZYUFHg>FHG`[^gjikFHg

(u,w)
[

(w, v)
<�&�M\w�GTFbc ����BÙ�

�>]qFFãsÝ6ç�ß,ì ênì%ã��EÚËa�[:w�] M\GTF;- X
G
G:w�] M\GTF;- X

H
��w�[:o+X�a�[:gJ[^G X\_ iTIha�XCF�oVFHGjiTIhG{a�[

G
o¬XHG w�] F

gJ[^�[¸�|$K�}^I~F�&VK�ILiTF�a�[vX\o¬[$GTFHlHO�[^g
a�[vgJw�_¬a�ILY�IhgJmHXCa�[�FHGJ[$g`ikFUg^�
� iT[$X\G`[^]qFba�[�Ô:w�GJFUiTXnhÊgle�I`G�[^K�w�K�}^IhFHa�Xq[$] iT[^G`]qXHg
a�[�a�XHIhgÊM\GJF�- X\gÊKVmHXbo��hFHKVFHG`[^gd- w�K�aVFçP

]q[$K�ikFUIhg^��X
K3,3

<�&VMHw�GTFbc ����B{[vX
K5

< &VM\w�GJFqc � e�BÙ�
Ä a�z�ZLa'ÁÂV ÃÕÆ v
·}ZLV ¶ z'xF\�Ö[¼�ÌHÍ�O�¢
�,â�á�å�Ú

G
ë�¥�£1á,ÛSá,â7ãnàkÏ!à�ãnÚq¢0àsÛXÞ�à�ãnàkÏ

G
Û��EÚ=Ø�Ú;ÛXÞtë(¢ Ý©¢rá
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u
v

u
v

w

>tIhM\w�GTFCc �����C@ w�_¬a�I�Y�IhgJmHXCaVFbFHG`[^g`iTF
uv

>SILM\w�GJFCc ����� �
K3,3

GvKVmHXCo��~FUKVFHG
ãsÝ*ç�ß,ì ênì%ã��EÚrßEÚ

K3,3

à{ßEÚ
K5 Ð

ØÚÙ|Ø�Ù�Û ÜxÝ �-���©Þ��ü��� Ý �2�.ß>��à������j�����2�j�áß>���
Q�X�a�XËa�[$gJ[$K*)�X�a�[>M\GJF�- X�ILK�a�w*$
w�]qF�X\GJa�[$]�}P+L}^�LIh}^FvaVFHg{FHG`[^gjikFHg{FHa;:JFH}$[^KOiT[$g F�}xFUaVF�Y�G^GjiTIh}$[H�

W>[^gjiT[ÊiTGTFU_VFH�%)�X\g�}^X\K�gJIha�[^GTFU]qXHgôFvX\GJa�[$]
}$X\]bX�g`[^K�a�XËFHKOiTI�PÎ)�X\GJNHGJILF��\XHK�a�[
a�[$K�XHiTFH]bX\gôFvX\GJa�[^]
}P+h}$�hIL}xFya�[<w�]ÓY�G$G`iTIL}^[

v
o¬X\G

D(v)
� " &VM\w�GTF&c ����]bX\gjiTGTF�w�] a�[^gJ[$K*)�XBa�[(w�]�MHGTF�- X�a�[
�

Y�G^G`iJIh}$[^g^�VX\K�a�[voVFHGJF�}xFUaVF�Y�G$G`iTIL}^[:[sM IhgjiT[vw�]qF�XHGJa�[$] }H+h}^�LIh}^FËIhK�a�w6$^Iha�F�o¬[$�hXCa�[^gJ[$K*)�X��
D(a) =

〈ad, ac, ab〉
�
D(b) = 〈ba, bc, bd〉

�
c = 〈ca, cd, cd〉

[
D(d) = 〈db, dc, da〉

�?�
]qFyY\[P$<��w�[8F
X\GJa�[$] Gv}P+L}^�LIh}^F���o¬X�a�[^Gl+hFH]bX\g³[^K�iTmHXb[$gJ}^G`[$Y\[^G

D(a) = 〈ac, ab, ad〉
X\w

D(a) = 〈ab, ad, ac〉
�

��M IhgjiT[^] IhK'&VK�ILiJX\gba�[^gJ[$K*)�X\g oVFUGTF�}^FHaVF�M\GJF�- X�� � gqa�[^g`[^K*)�X\g o¬X�a�[^] gJ[$G a�I�Y ILa�Iha�X\gC[^]
}^�~FUgJgJ[$gRa�[>[$��w�ILYçFH�h|$K�}^IhF��@f2X\ILgôa�[$gJ[^K6)�X\g{a�X�]q[$gJ]bX�M\GTF;- X�gTmHXðà�âPÝEì ê;áC£%àsÛXÞtà�ã>g`[2F�X\G`a�[^]
}H+h}$�hIh}^F
a�[ø}^FHaVF/Y�G^GjiTIh}$[Â< IhK�a�w*$^ILaVF/o¬[^�LX�a�[$gJ[$K*)�X�BqGøILM\wVFH�RoVFHGJFyX\g�a�X\ILg�a�[^gJ[$K*)�XHg^���>]qF/}^�hFHgJg`[øa�[
[^��w�ILYçFH�h|$K�}^IhF�a�[2a�[^gJ[$K*)�X\g³a�[2w�]�M\GTF�- X3G2}�)VFH]qFHaVF�a�[{ì«¢0àsâfã��EÚrØ�Úq¢rçPì ÛSá,Þ�Ú�âNìÅáC£ �Sf2[^gjikF3- X\GJ]qF��
w�] F Ih]b[^G`gTmHX }^X\]�_�ILKVFUiJX\GJIhFU��Gba�[H&VK�IhaVFøo¬[^�hFøX\GJa�[^] }P+L}^�hIL}xF aVFHg�FHGJ[$g`ikFUg�a�[b}^FHaVFøY�G$G`iJIh}^[Ca�X
M\GTF�- X��

>SILM\w�GJFCc � e � �
K5

GvKVmHXCo��~FUKVFHG
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a b

c

d

>SILM\w�GTFCc������ � GJa�[^] }H+h}$�hIh}^F�IhK�a�w*$^ILaVF�o¬[$�hXCa�[$gJ[$K*)�X a�XbM\GTF;- X

z{Ih}^�LX�-¡FU}^IhFH�
C1 = 〈a, d, b, a〉

a b

c

d

a b

c

dz{Ih}$�hXq-¡FH}^IhFH�
C2 = 〈a, c, d, a〉

z{IL}^�LX�-¡FH}$I~FU�
C3 = 〈b, c, d, b〉

a b

c

d

a b

c

dz{Ih}$�hXq-¡FH}^IhFH�
C4 = 〈c, a, b, c〉

>tIhM\w�GTFCc ��� �ôz{Ih}$�hXHg!-¡FH}^IhFHILg³a�[vw�] a�[$gJ[$K*)�X o��~FHKVFUG
�
] FËIh]b[^GJgJmHX�}^XH]�_�IhKVFçiTX\G`IhFH�¬a�[:a�[^gJ[$K*)�X\gÊo��~FHK�FHGJ[$g a�[:w�]ÛM\GJF�- X�G7}N)�FH] FUaVF�a�[�ì«¢0àsâfã��EÚ

Ø�Úq¢FçPì Û�á�Þ�Ú;âNìÅáC£©¥�£1á,ÛSá,â ��f7FHa�Xbw�] F�IL]q[$GJgJmHX�}^X\]�_�ILKVFUiTXHGJIhFU�+o��~FHK�FHG
D

w�] ØsìäØ(£%ÚdåHáEØsìÅáC£�a�[
D
G

}^Ih}$�hX
〈v0, e0, v1, e1, · · · , vk−1〉

X\K�a�[H��oVFHGTF }^FHaVF
i
��XøgJw�}$[^gJgJXHG�}H+h}$�hIh}$X a�F<FHG`[^g`iTF

e(i+1) mod k =

(vi mod k, v(i+1) mod k)
G�FCFHGJ[$g`ikF

e(i+2) mod k = (v(i+1) mod k, v(i+2) mod k)
<�&VM\w�GTFqc�� �,BÙ�

ØÚÙ|Ø�Ù�Ø ä ���áåk�çæ2�>���
f2[s&VK�IL]qX\gq}$X\]qX�M\GTF;- X&a�w�FH�

G∗ a�[8w�] M\GTF�- X�o��hFHKVFHG
G

}^X\]bX&X&M\GJF�- X&}$X\K�gjiTGJw6+ha�X&aVF
gJ[^MHw�IhKOiT[v]qFHK�[$IhGTF �

•
oVFUGTF�}xFHaVF�-¡FU}^[va�[

G
[sM IhgjiT[vw�]ÛY�G$G`iTIL}^[v[$]

G∗
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>SIhM\w�GTFbc ��J��{�>]ÑM\GJF�- Xbo��hFHKVFHGÊ[�gJ[$w/a�wVFH� � � gÊY�G^GjiTIL}^[^g>o�ILK�iTFHa�X\gÊ[ËFHg>FHG`[^gjikFHg
iJGTFH}$[t:JFHa�FHg>gJmHXa�XbM\GJF�- XCa�w�FH� �
•
oVFUGTFC}xFHa�FqFHGJ[$g`iTFba�[

G
[sM ILg`iT[�w�]qFbFUGJ[^gjikFb[$]

G∗ }$X\K�[$}$ikFUK�a�X XHg
a�X\ILg Y�G^GjiTIL}^[^g
}^XHGJGJ[$gjP
o¬X\K�a�[^K�iJ[^g^õHgd-¡FH}$[^g
g`[^oVFUGTFHaVFCo¬X\G

e
�

@ [qw�]nMHGTF�- X
G∗ G a�wVFH�ôa�[ w�]nMHGTF�- X

G
�ta�I%$$[^]bX\g���w�[

G
GqX(M\GTF�- X4¥Sâsì«¢ráC£ �ø�
]nM\GJF�- X

a�wVFH��<�&�M\w�GTF(c ��J�B2o¬X�a�[b}^XHK�iT[$G��hFHl^X\g:[qFHG`[^gjikFHg�]qD���iTILo��LFHg^�bu:GTF�- X\g:a�w�FHIhgv[$g`ikmUX(GJ[$�~FH}$IhXHKVFHa�X\g
}^X\]ÛIh]b[^GJgJmHX�o��~FUKVFHG^��}^FHaVFCIL]q[$GJgTmUXCo��~FHKVFUG a�[vw�]ÛM\GTF�- X

G
MH[^GTF�w�] MHGTF�- X�a�wVFH�

G∗ �
QtX�a�[$]qXHg�FH]bo��LIhFHGtX:}$X\K�}^[$ILiJXva�[ M\GTF�- X7a�w�FH��g`[ }^X\K�g`Iha�[$GTFHG`]qXHg@M\GTF;- X\g@X\G`Ih[$K�ikFUa�X\g@o��~FHKVFUGJ[$g

[�a�[H&�K�IhG`]qX\g>w�] Fq] FUK�[^ILGTFqg`Ihg`iJ[^]qNUiTIL}xFqa�[�X\GJIL[^K�iTFHG2FHg:FUGJ[^gjikFHg7a�X M\GTF�- X a�wVFU� �vz³FHaVF FUGJ[^gjikF
a�[�w�]ÑM\GJF�- XbXHGJIL[^K�iTFHa�XCo��~FHK�FHG

G
o�FHG`iJIh}^ILoVF�a�[�a�X\IhgÊ}$Ih}$�hX\g!-¡FH}^IhFHILg^�R�
]Ña�XHg
}^IL}^�hXHgd-¡FH}$I~FH��iJ[^]

F&]b[^g`] F�X\GJIL[^KOikFHl^mHX&a�FBFHG`[^g`iTF&[8X&X\w�iTG`X&}^IL}^�hX°-¡FH}$I~FU� iT[^] X\GJIL[^K�iTFHl^mHX&}$X\K�iJGTNHG`I~F�� �ôFH]bX\g
w�gTFHGÊF�g`[^M\w�IhK�iJ[vG`[^M\GJF�oVFUGTF�X\G`Ih[$K�ikFUG FHgÊFHG`[^g`iTFHgÊa�XbMHGTF�- X�a�wVFH� �@w�]qF�FHGJ[$g`iTF

e′
K�XCM\GTF;- X�a�wVFH���

}^X\G`GJ[^g`o¬X\K�a�[$K�iJ[ðõ8FHGJ[$g`ikF
e
a�X8M\GTF�- X(o�G`Ih]qFH����gTFHIôa�X(Y�G^GjiTIh}$[ }^XHGJGJ[$gJo¬X\K�a�[^KOiT[øFHX8}$Ih}$�hXí-¡FH}$I~FH�

}^X\]Û]b[^g`] F�XHGJIh[$K�iTFHlxmHX�aVFCFHGJ[$g`iTF
e
[v[$K�iJGTF�K�X�Y�G$G`iTIL}^[:}^X\G`GJ[$gJo¬X\K�a�[^K�iJ[�FHXCXHw�iTG`XC}^IL}^�LXq-¡FH}$I~FH�

<�&VM\w�GTFqc�����BÙ�
" gJ[^MHw�IhG$�@FUo�GJ[$gJ[^KOikFH]bX\g�w�]qF<a�[$gJ}$GJIhl^mHX
- X\GJ]qFH�@a�[qa�X\Ihg�o�GJX\_��h[^]qFHgva�[q}^X\KL:`w�K�iJX8a�[qGJ[ P

iTX\G`K�X��H��w�[³gTmHX7X7X\_E:`[ÙiTX7a�[³[$g`iJw�a�X:a�[^gjikF7a�ILgJg`[^G`iTFHlxmUX��\[{}^X\]bX2[^gjiT[^g@gJ[³GJ[$�~FH}$IhX\K�FH]û}^XH]DXHw�iTG`X\g
o�GJX\_��h[^]qFHg$�
��	.- Áì1í�
�!Â(�ëî %
�ï74� #&�
Ä��2�!Ä±��� 7!�ð1í�����*13Ä4�

oîKOiTw�I�iTILYçFH]q[$K�iJ[H� w�]9Ø�Ú;Û�ÜNÝEÛXÞtÚrßEà�âfàsÞtÚ;âNÛ�Ú{G:w�] }^X\KL:`w�K�iJXCa�[vFUGJ[^gjikFHg XHwøw�] }^XHK;:`w�K�iJXCa�[
Y�G^G`iJIh}$[^gta�[ôw�]ûM\GJF�- X

G
< X\GJIL[^KOikFHa�X
X\w�KVmUX�BÙ�ç}^w;:JF
GJ[$]bX�lxmHXÊiTXHGJKVF

G
FH}H+h}$�hIL}^X�� � g�¥SâfÚ,ç�£%à(¢rá;ãjßEÚ
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>SIhM\w�GTFBc���� ���>] M\GJF�- XBXHGJIh[$K�iTFHa�X&o��~FUKVFHGq[/gJ[$wÈa�w�FH� � � gqY�G^G`iJIh}$[^g o�IhKOikFHa�XHg [yFHg FHGJ[$g`ikFUgiTGTFU}^[t:JFUaVFHgÊgTmUXba�XbM\GJF�- XCa�wVFH� �
Ø�Ú;Û�ÜNÝ'ÛXÞ�ÚqßEà�â�àsÞ�Ú;âNÛ�Úv}^XHK�gJILg`iT[$]�[$]
[$K�}^X\KOiTGJFHGôw�]
}$X\K;:`w�KOiTX�a�[
GJ[$iJX\GJK�X

S
a�[
}$w�g`iJXË]r+hK�IL]CXÀñ

��w�FHK�a�X�FUg{FHGJ[$g`ikFUg{X\wqY�G^GjiTIL}^[^g{o¬XHgJgJw�[^] o¬[$gJX\gáñCX\w }^FHGJa�IhKVFH�LILaVFHa�[
]r+LK�IL]qFÀñC��wVFHK�a�X�FHGJ[$g`ikFUg
X\w�Y�G$G`iTIL}^[$gËKVmHX(o¬X\gJg`w�[^]Åo¬[$gJX\g$�(��]nX\w�iJGTFHg�oVFH�~FxY�GTFHg$�tX8}$X\K;:`w�KOiTX8a�[qG`[$iTXHGJK�X(a�[$Y\[ }$X\_�G`IhG
iTX�a�X\g�X\g�}^IL}^�hXHg�a�[ w�] F/}^XH�h[$lxmHX

C
a�[ø}^IL}^�LX\g�a�[øw�] M\GTF;- X

G = (V,A,w)
�RXHK�a�[

w
Gøw�]qF

- w�K�lxmUXbo¬X\gJI�iTI�YUF�a�[H&VK�IhaVFCg`X\_�G`[�FHg
FUGJ[^gjikFHgÊX\w<g`X\_�G`[�XHg Y�G^G`iJIh}$[^g^�
" �%G^]üa�IhgjiTX���o¬X�a�[^]bX\gôGJ[$g`iTG`IhK�MHIhG�X�}^XHK;:`w�K�iJXËa�[>G`[$iTXHGJK�XËF�w�]�g`w�_¬}^X\KL:`w�K�iJX

A′ a�[2FHGJ[$g`ikFUg
X\w�w�] g`w�_¬}^X\KL:`w�K�iJX

V ′ a�[�Y�G$G`iTIL}^[$gva�XøM\GJF�- X��-ILg`iTXöGU�
S ⊆ A′ ⊆ A

XHw
S ⊆ V ′ ⊆ V

��W>[$g`iT[
}xFHg`X���iJ[^]bX\g�X)¥SâfÚ,ç�£%à(¢ráqßEÚ�Ø�Ú;Û�ÜNÝEÛXÞ�ÚqßEà�âfàsÞtÚ;âNÛ�Ú5âfà�ãsÞ?âNì ÞtÚ{áqÝ©¢ ãsÝ*çsØ�Ú;Û�ÜNÝEÛXÞ�Úç� � w iTGTFvG`[^gjiTGJILlxmHX
IhK�iJ[^G`[^gJgJFHK�iJ[vo¬X�a�[:gJ[$Gd- [^I�ikF�K�F�}^X\�L[^l^mHX

C
a�[:}^IL}^�LX\g^�R@ [:GJ[$g`iTG`IhK�MHIhGJ]bXHg{[^gJgJFC}^X\�L[^l^mHXbFUX\g }^IL}^�LX\g

a�[8iTFH]qFHK*)�Xm+L]boVFHGba�[8w�] M\GJF�- X&KVmHX&X\GJIL[^KOikFHa�X
G
� XBo�G`X\_��L[^]qF�a�XB}$X\K;:`w�KOiTXBa�[8GJ[ÙiTX\G`K�X

iTGTFUK�g�- X\G`] F®PîgJ[7K�X±¥SâfÚ,ç�£%à(¢rá0ßEà{çPìu¥6á,âNÞÅìJ¤H�EÚFßEàÀ�,âlá�å�ÚnãÙ�
" g`[^M\w�IhG^��FHo�G`[^g`[^KOikFH]bX\gôFva�[H&VK�ILlxmHX�- X\GJ]qFH� a�[
a�X\Ihg�o�GJX\_��L[^]qFHg^�\��w�[
gTmUX�X�FU�LY\Xva�[
[$g`iJw�a�X

a�[^gjiT[viTGJFH_VFH�T)�X��
ØÚÙÒòëÙ�Û ó �����7��� Ý �ôæ2�ü���áßíõ��Àßöà��çæ2�0÷��-�¶à �������øæ>� ���ùà ���ºß2�

@ [�:JF
G = (V,A)

w�] M\GJF�- X�X\G`Ih[$K�ikFUa�X <¡K�mHXUP÷X\GJIL[^KOikFHa�X�Bb[
z : V → <+ w�]qFm- w�K�l^mHX

o¬X\gJI�iTILYçF2a�[s&VK�ILaVF7gJXH_�GJ[
V
�@f2I%$$[^]bX\gS��w�[ w�]Dg`w�_¬}^X\KL:`w�K�iJX

V ′ ⊆ V
G³w�] Ø�Ú;Û�ÜNÝEÛXÞtÚ5ßEàdê,ësâNÞÅìäØ�à�ã

ßEàöâ�àsÞ�Ú;âNÛ�Úya�[
G

gJ[
V ′ }^X\KOifG$]Óo¬[^�LX�]q[$K�X\g�w�] Y�G^GjiTIh}$[øa�[ø}^FHaVFy}^IL}^�LXya�[

G
����] X\w�iTGJFHg

oVFH�~FxY�GTFHg$��X�g`w�_�M\GJF�- X
G \ V ′ G:FH}H+h}^�LIh}$X�� � }^w�gjiTXCa�[

V ′ G7a�[^K�XHikFHa�XCo¬X\G
z(V ′) =

∑

v∈V ′ z(v)
�
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}^X\K;:`w�K�iTX�a�[ÊY�G^GjiTIh}$[^gRa�[
GJ[ÙiTX\G`K�X�a�[
}^w�gjiTXË]r+hK�IL]CX��Sz³FHgJX�iTX�a�X\gôX\g�Y�G$G`iTIL}^[$gôiT[$K*)VFH]
X�]b[^gJ]bX
o¬[^gJX���}N)VFU] FU]qX\gôX�o�GJX\_��L[^]qF�a�[ú¥Sâ�Ú,ç�£%à(¢rá�ßEÚFØ�Ú;Û�ÜNÝEÛXÞ�Ú�ßEà�ê,ësâNÞÅìäØ�à�ã�ßEà7â�àsÞ�Ú;âNÛ�ÚqÛ��EÚq¯�ê;áC£%Ú;â�á�ßEÚ
<��7>}��@*B �VX\wøgJIh]bo��L[^gJ]b[$K�iT[À¥SâfÚ,ç�£%à(¢rá=ßEÚ=Ø�Ú;Û�ÜNÝEÛXÞtÚFßEà�ê,ësâsÞÅìäØ�à�ã3ßEà5âfàsÞ�Ú;âsÛ�Úð<?>���@*BÙ�

� o�G`X\_��L[^]qF�a�[7a�[^}$IhgJmHXCFHg`gJX�}^IhFHa�X�FHX�>���@0G7}^XHK*)�[^}$Iha�XCW>QSPî}^XH]qo��L[$iJXËiTFHK�iJX�oVFHGTFËM\GJF�- X\g
X\GJIL[^K�iTFHa�XHg }^X\]bXCKVmHXçPîX\G`Ih[$K�ikFUa�X\g I �P����c,J;K �
ØÚÙÒòëÙ�Ø ó �����7��� Ý �ôæ2�ü���áßíõ��Àßöà��çæ2� �������xà �ô�Ëæ2�ê���ùà ���ûß>�

@ [�:JF
G = (V,A)

w�] M\GTF;- XBX\G`Ih[^KOikFUa�X < KVmHXUP÷X\GJIL[^KOikFHa�X�BC[
w : A → <+ w�]qFÂ- w�K�l^mHX

o¬X\gJI�iTILYçF�a�[s&VK�ILaVF�gJXH_�GJ[
A
��f2I%$$[^]bX\gô��w�[2w�]�gJw�_¬}^X\KL:`w�K�iJX

A′ ⊆ A
G>w�]¬Ø�Ú;Û�ÜNÝ'ÛXÞ�Ú�ßEà�á�âfà�ãsÞäá;ã

ßEàðâfàsÞ�Ú;âsÛ�Úya�[
G

g`[
A′ }$X\K�ilG^]Óo¬[^�LX�]q[$K�X\gCw�] Y�G^GjiTIL}^[øa�[ø}xFUaVF�}^IL}^�LX�a�[

G
����] X\w�iTGJFHg

oVFH�~FxY�GTFHg$� X�g`w�_�M\GJF�- X
G \A′ G7FH}P+L}^�LIh}$X�� � }$w�g`iJX�a�[

A′ G2a�[$K�XHiTFHa�X�o¬X\G
w(A′) =

∑

e∈A′ w(e)
�

� ¥SâfÚ,ç�£%à(¢rá3ßEÚ{Ø�Ú;Û�ÜNÝEÛXÞtÚ5ßEà�á,âfà�ãsÞÎá;ã�ßEàdâfàsÞtÚ;âNÛ�Ú�ê;áC£%Ú;â�á�ßEÚq<�u > " @*Bt}^XHK�gJILg`iT[³[^]D[$K�}^XHK�iTGJFHG@w�]
}^X\K;:`w�K�iTXba�[�FUGJ[^gjikFHgÊa�[vGJ[ÙiTX\G`K�Xba�[v}^w�g`iTXb]F+LK�IL]bX���z³FUgJXbiJX�aVFHg
FUg
FHGJ[$g`ikFUgÊiJ[^K*)VFU] Xb]b[^gJ]bX
o¬[^gJX���}�)VFU] FH]bX\g³XCo�G`X\_��h[$] FËa�[¹¥SâfÚ,ç�£%à(¢rá0ßEÚ=Ø�Ú;Û�ÜNÝ'ÛXÞ�ÚFßEà3á,âfà�ãsÞÎá;ã3ßEà�âfàsÞtÚ;âNÛ�Ú�Û��EÚq¯�ê;áC£%Ú;â�á�ßEÚ
<��7> " @*B �VX\wøgJIh]bo��L[^g`]q[$K�iT[À¥SâfÚ,ç�£%à(¢rá=ßEÚ=Ø�Ú;Û�ÜNÝEÛXÞtÚFßEà3á,â�à�ãsÞäá;ã3ßEà5âfàsÞ�Ú;âsÛ�Úí<Å> " @6BÙ�

ü!ý³�>��÷t����þ2ß2�+�j�Â�2ßöà����9���B�2�����2�j� Ý ���Ëÿ����Û� ÿ{	��

�@Y\[^K���W>FHX\G$�'@�}N)�IL[^_¬[$Gô[^@�w�aVFHK I �;K���]qXHg`iTGJFHGTFU]D��w�[
oVFHGJFvMHGTF�- X\g�XHGJIL[^K�iTFHa�X\g@X\g�o�G`X\_��h[$] FUg
a�[
}^X\K;:`w�K�iTX�a�[>G`[$iJX\GJK�X�gTmHX�[^��w�ILYçFH�h[$K�iJ[^g^��oVFHGjiTIh}$w��hFHGJ]b[$K�iJ[ÊX3> " @C[
X{>���@CgTmUX�[^��w�I�YUFH�L[^K�iJ[^g$�

� FH�hM\XHGJI�iJ]bX<a�[ GJ[$a�w�lxmUXya�X�> " @�oVFHGTF(X½>}��@°G FHo�G`[^g`[^K�iTFHa�X/KVFí&VM\w�GJFyc��T�xd�� " Iha*G$I~F
a�X<FH�LM\X\GJI�iJ]bX0G�gJw�_�g`iTI�iTw�ILG7}xFHa�FøFHGJ[$g`ikF

(v0, v2)
o¬X\G:w�]rK�X®Y\X Y�G$G`iTIL}^[

v1

��QSFHGTF }xFHa�Føo�FHG:a�[
FHGJ[$g`ikFUg

(vi, vj)
[

(vj, vk)
��w�]qF:K�X®YUF�FHG`[^g`iTF

(vij, vik)
G
}$GJI~FUaVF��OX\K�a�[
XvY�G$G`iTIL}^[

vij

}^X\G`GJ[$gJo¬X\K�a�[
õ(FHGJ[$g`iTF

(vi, vj)
[qX<Y�G$G`iJIh}^[

vik

}^X\G`GJ[$gJo¬X\K�a�[=õ(FHGJ[$g`iTF
(vj, vk)

�øz³FHa�F<Y�G$G`iTIL}^[b}^GJIhFHa�XøiJ[^]pX
]q[$gJ]bXCo¬[^g`XqaVFCFHG`[^g`iTFC}^XHGJGJ[$gJo¬X\K�a�[^KOiT[H� " &VMHw�GTFbc �1���v]bX\g`iJGTFCF�[NM�[$}^w�l^mHX a�XqFH�LM\X\G`I�iT]CX�[^]
w�] M\GJF�- XC[vX\g }^X\K;:`w�K�iTXHg
a�[vG`[$iTXHGJK�XC}^X\G`GJ[^g`o¬X\K�a�[$K�iJ[^g^�

� FH�hM\XHGJI�iJ]bX<a�[ GJ[$a�w�lxmUXya�X�>}��@�oVFHGTF(X½> " @°G FHo�G`[^g`[^K�iTFHa�X/KVFí&VM\w�GJFyc��T�Zc � " Iha*G$I~F
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È · µ ¸�¹*z���±t­��	��©S­
Ê µ�¶ ZLVX|`Vybv�>]ÛM\GTF;- X

G = (V,A)
 V��Å|`Vyb��
]ÛM\GTF;- X
G′ = (V ′, A′)

ikFU�-��w�[voVFHGJF�}xFUaVFC}$X\K;:`w�K�iTXCa�[�FUGJ[^gjikFHg a�[vG`[$iTXHGJK�XCa�[
G[sM IhgjiT[vw�] }$X\K;:`w�KOiTXba�[:Y�G$G`iTIL}^[$g
a�[vGJ[ÙiTX\GJK�Xb[$��w�ILYUFH�L[^KOiT[F< }^X\]Û]q[$gJ]bXC}^w�g`iTX�B [$]

G′


 gC¿�V6Z;V(}^FHaVFbFUGJ[^gjikF
e ∈ A

ÍÎV*¸�V
� g }^G`I~FHG³w�]ÛY�G$G`iTIL}^[

ve

[$]
V ′� gR¾òÁ¯¿}V*ZLV

� gC¿�V6Z;V(}^FHaVFbFUGJ[^gjikF
ei = (vi, vj) ∈ A

ÍÎVX¸�V
� g \Pa [NM Ihg`iJ[�w�] FCFHG`[^gjikF

ej = (vj, vk) ∈ A
a µ�¶ ¹*z

� g
E ′ = E ′ ∪ (ei, ej)� g ¾òÁ \Pa

� gR¾òÁ¯¿}V*ZLV
� gCZLa ¶ zSZ µ V*Z�XCM\GTF�- X

G′ = (V ′, A′)

>tIhM\w�GJFCc �1�Zd��R> " @
⇒
>���@

a

b

e

f g

c

d

b

e

f

c

d

}^X\KL:`w�K�iJXba�[�FHGJ[$g`ikFUga�[vGJ[ÙiTX\G`K�X��
a
[
g

FU�hM\X\G`I�iT]CX��6�6�����xTS�

}^X\KL:`w�K�iJXba�[:Y\[^G`iJIh}$[^ga�[vGJ[ÙiTX\G`K�X��
a
[
g

b

e

c

d

fa

b

e

c

d

f g
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È · µ ¸�¹*z���©@­�����±t­
Ê µ�¶ ZLVX|`Vybv�>]ÛM\GTF;- X

G = (V,A)
 V��Å|`Vyb��
]ÂM\GJF�- X
G′ = (V ′, A′)

iTFH�¬��w�[7oVFUGTF�}xFHaVF�}^X\K;:`w�K�iTXËa�[>Y�G^G`iJIh}$[^g³a�[2G`[$iJX\GJK�XËa�[
G[sM IhgjiT[vw�] }$X\K;:`w�KOiTXba�[�FHG`[^g`iTFHgÊa�[vGJ[$iJX\GJK�Xb[^��w�I�YUFH�L[^KOiT[F<¡}$X\] ]b[$gJ]bXC}^w�gjiTX�B³[^]

G′


 gC¿�V6Z;Vp}^FHaVF�Y�G$G`iJIh}^[
v ∈ V

ÍÎV*¸�V
� g }^G`I~FHG³a�X\ILg Y�G$G`iJIh}$[^g

v1, v2

[^]
V ′� g }^G`I~FHG³w�] F�FHGJ[$g`ikF

(v1, v2)
[^]

A′ }^X\]ÛXb]b[^g`]qXCo¬[$gJXqa�[
v� g ] FUoy�

[v]← v1 � ]qFHo��v[v]qFHo�cËgTmHXCY\[ÙiTX\G`[^g>FHg`gJX�}^IhFUiJILY\X\g
V → V ′ �� g ] FUo�c

[v]← v2� gR¾òÁ¯¿}V*ZLV
� gC¿�V6Z;Vp}^FHaVFbFUGJ[^gjikF

(u, v) ∈ A
ÍÎVX¸�V

� g }^G`I~FHG FbFHG`[^g`iTF
(map2[u],map1[v])

[^]
A′ }$X\] o¬[$gJXqILK6&VK�I�iTX

� gR¾òÁ¯¿}V*ZLV

�� gCZLa ¶ zSZ µ V*Z�XCM\GTF�- X

G′ = (V ′, A′)

>tIhM\w�GJFCc �1�®c �R>���@
⇒
> " @

a�X(FH�hMHX\GJI�iJ]bX=Gbg`w�_�gjiTILiJw�IhG:}^FHaVF Y�G^GjiTIh}$[
v0

o¬X\G:w�] F K�XZYUF<FHGJ[$g`ikF
(v1, v2)

[ba�X\Ihg7Y�G^GjiTIh}$[^g
v1[

v2
� " g:FHG`[^g`iTFHg7��w�[�[^KOiTGTFU] [^]

v0
oVFUgJgTFU] F gJ[$G:FHg7FHGJ[$g`ikFUg7��w�[�[$K�iJGTFH] [$]

v1
��[$K���wVFHKOiTX

FHgËFHGJ[$g`iTFHgË��w�[ gTFU[^]na�[
v0

o�FHgJgTFU] F<gJ[^GËFHg���w�[ gTFH[$]Åa�[
v2

� � o¬[^g`XyFHgJg`X�}^I~FUa�X/FUgËK�X®YUFUg
FHGJ[$g`ikFUg�gJmHX(X\g�o¬[$gJX\g�a�XHg�Y�G$G`iJIh}$[^g�}$X\GJG`[^gJo¬XHK�a�[^KOiT[$g^� " g�FHGJ[$g`ikFUgËFUK�iTILMOFHg7iT|$]po¬[^g`X8IhK6&�K�ILiJX��
" &�M\w�GTF�c��T�n�y]qXHg`iTGJF�F�[sM [^}$w�lxmHX&a�X�FH�LM\X\G`I�iT]CXy[$]�w�]ÓM\GJF�- X�[<X\gC}^XHK;:`w�KOiTX\gba�[<GJ[ÙiTX\G`K�X
}^X\G`GJ[^g`o¬X\K�a�[$K�iJ[^g^�

f7F�]q[$gJ]qF - XHGJ]qF���w�[�oVFHGTF�>}��@ÈXÉo�GJX\_��h[^]qF�a�[�a�[^}$IhgJmHX�FUgJgJX�}$I~FHa�X�FUX�> " @ G�W2QSP
}^X\]bo��L[$iTX�� " gJgJIL]<��ikFHKOiTX�oVFUGTFËX�> " @q}$X\]qXËoVFHGJFËX�>���@q[$Y�I�ikFH]bX\g{FH�hMHX\GJI�iJ]bXHgR[NM�FUiTX\g$��aVFUK�a�X
o�GJ[s- [^GJ|$K�}^IhF5õvFU�hM\XHGJI�iJ]bX\g@FHo�GJX�M�IL] FçiTI�Y\XHg@X\w�)�[$w�Gl+Lg`iTIL}xFUg�o�GTNçiTIh}^FHg^�SW>Xv}^FHo*+LiJw��hX7gJ[$M\w�ILK�iJ[
FHo�GJ[ÙP
gJ[^KOikFH]bX\gÊ��wVFçiTGJXbFH�hM\XHGJI�iJ]bXHg³oVFHGJFC[$K�}^XHK�iTGJFHGÊ}^X\KL:`w�K�iJX\g
a�[�G`[$iJX\GJK�X��
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}$X\K;:`w�KOiTXba�[:Y\[$G`iTIL}^[$ga�[vG`[$iTXHGJK�X��
b
[
c

FH�LM\X\GJI�iJ]bX��xT���� �'�6�

}$X\K;:`w�KOiTXba�[�FHG`[^g`iTFHga�[vG`[$iTXHGJK�X��
b
[
c

b

e

f
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c

d
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e

fa
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e

fa

d
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@ [$M\w�K�a�X
>V[$g`ikF ��QSFHGJa�FH�hXHg7[��
[$gJ[$K�a�[C[^] I ��K���FHo¬[$gTFHG:a�XHgvFH�hM\XHGJI�iJ]bXHg7FHo�G`XnM Ih]qFUiJI�Y\X\g2MOF®P
GTFHKOiTIhG`[^]
w�] F�}$[^G`iTFË��wVFU�hIha�FHa�[
a�[>gJXH�hw�l^mHX���oVFUGTF�]�w�I�iTX\g�o�G`X\_��L[^]qFHgôo�GJNUiTIL}^X\gôa�XË]�w�K�a�XËG`[xFH���
]FGÙiTX�a�X\g�)�[^w�G�+hg`iJIh}$X\g:o¬X�a�[^] �h[ÙYUFHG�õ g`X\�hw�lHO�[^gv]b[^�T)�X\G`[^g7[^] ��wVFUK�iTILaVFHa�[�GTF�$^XONxY\[^�@a�[�iT[$]qo¬X
[ z³Q����tW>[$g`ikF(a�ILgJgJ[$G`ikFUlxmHX(K�X\g�}$X\K�}^[$K�iJGTFHG`[^]bX\g�[^]ÅFU�hM\XHGJI�iJ]bXHg�)�[$w�Gl+Lg`iTIL}^X\g$�øW
[^g`iJ[ ]b[^gJ]bX
iTGTFU_VFH�%)�X½<¡a�[q>V[$g`ikF �-QSFUGJaVFH�LX\g>[q�Ê[^g`[^K�a�[ I ��K B�G�FUo�GJ[$gJ[^KOikFHa�F ikFU]�_SG$]�w�]qFqGJ[ÙY�IhgTmUX a�[�FU�hM\XUP
GJILiJ]qXHg�FUo�GJX�M�IL]qFUiTI�Y\XHg�oVFUGTFyo�G`X\_��L[^]qFHg�a�X�}^X\KL:`w�K�iJX�a�[ GJ[ÙiTX\G`K�X��ô��w�[øK�X�]b[^�T)�X\GËa�X�K�X\gJg`X
}^X\K*)�[^}$Ih]b[^K�iJXrGv_VFUg`ikFUK�iT[v}$X\]qo��h[$iTF���QtX\GÊ[$g`iTFbGJF,$xmUX���KVmHXbFCG`[^o�G`X�a�w*$^IL]qXHgÊFH��w�I �

W
[^g`iJ[ }^FHo*+�iTw��LX/FHo�GJ[^g`[^KOikFH]bX\gËiJGJ|$g�FH�hM\XHGJI�iJ]bXHg3)�[$w�Gl+Lg`iJIh}$X\gËoVFHGJF8GJ[$gJX\��Y\[^G�o�GJX\_��L[^]qFHg�a�[
}^X\K;:`w�K�iTX�a�[7GJ[ÙiTX\GJK�X�� � o�GJIL]q[$IhG`X{G7w�]qFq)�[^w�G�+hg`iJIh}^F�g`Ih]bo��h[$g{oVFHGJF�GJ[$gJX\��Y\[^G³X�> " @ I e;K�����g`iT[�G
w�]Ûa�X\g o�G`Ih]b[^ILGJXHg³FH�hM\XHGJI�iJ]bXHg{[^K�}$X\K�iJGTFHa�XCKVF��LILiT[$GTFUiJw�GTF �@��] g`[^M\w�IhaVF �VFHo�G`[^g`[^K�iTFH]bX\g
F�FHo��LI�P
}xFHl^mHXqaVFb]b[$iTFçP�)�[$w�Gl+Lg`iJIh}xF
àsê,Úq£îÝº¤H�EÚöà�ãsÞ�ÚnØ�°;ãsÞ?ìäØlá o�FHGTFCGJ[^g`X\�LY\[$G
X0> " @ I c��LK��³��gjiT[ËFH�LM\X\G`I�iT]CX�G
_VFHgJ[^FHa�X�[^]üw�]qF:[^gjiTGTFçifG^MHI~F:a�I�Y ILa�IhGSoVFHGJFv}$X\K���w�ILg`ikFUG^��QtX\GAD��LiJIh]bX��OFUo�GJ[$gJ[^KOikFH]bX\gôF�FUo��hIL}xFHl^mHX
aVF�]b[$iTFçP�)�[^w�G�+hg`iJIh}^F�u�� " @�Q <#"!â�à�àlß�$&%!á,ÛSßEÚq¢�ì¡¬;àlß('�ß�á(¥SÞÅì ê,à�Îyàlá,â�Øk *)�â�ÚnØ�àlß,ÝEâ�à�ãLBôoVFUGTFËGJ[$gJX\� P
Y\[^GôX�o�GJX\_��h[^]qF�>}��@+��QtFH]�_SG^]
FHo�G`[^gJ[$K�iTFH]bX\gôw�]
FH�hMHX\GJI�iJ]bX:o¬XH�hIhK�X\]bILFH��[NM�FçiTX�oVFUGTFvGJ[$gJX\��Y\[^G
XF> " @ GJ[$g`iJGJILiJXbFCM\GJF�- X\g o��hFHKVFHG`[^g$�

� g{a�XHIhg{FH�LM\X\GJI iT]bXHgôoVFUGTF�GJ[$gJX\��Y\[^G{Xq> " @bw�iTIL�hIT$^FH]
FËG`[^�~FUlxmHX�[^KOiTGJ[2X\G`a�[^KVFUlxmHX�a�[2Y�G$G`iJIh}$[^g
[v}^X\K;:`w�K�iTXba�[�FUGJ[^gjikFHgÊa�[vGJ[ÙiTX\G`K�X�����g`ikFCGJ[$�~FHl^mHX�Gva�[^gJ}$GJI�ikFbF�gJ[^MHw�IhG$�
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@ [�:JF
l : V → N

w�] FBX\GJa�[^KVFUlxmHX���w�FH�h��w�[$Gøa�X\g Y�G$G`iJIh}^[$g<a�[�w�] MHGTF�- X
G = (V,A)

�
�>]qF FUGJ[^gjikF

(u, v)
K�[^gJgJF X\G`a�[^KVFUlxmHX=G�a�I�ikFq[$g`ikFUGÀ¥6á,â�á�åNâfàsÛXÞ�à�g`[

l(u) < l(v)
��}^FHgJX }^X\KOiTGJNHGJILX

<
l(u) > l(v)

B�[$g`ikF�FHGJ[$g`ikFpG<a�ILikFy[$g`ikFUG±¥6á,â�áÂÞÅâ�°;ãÙ�É�
] FyX\G`a�[^K�FHlxmHX���wVFH�L��w�[^Gba�X\gCY�G$G`iTIL}^[$g
a�[$iJ[^GJ]bIhK�F�a�X\ILg }$X\K;:`w�KOiTXBa�[/FHGJ[$g`iTFHg a�[8GJ[ÙiTX\G`K�X���X&}^X\K;:`w�K�iJX�a�[yFHG`[^gjikFHg o�FHGTF°- GJ[$K�iT[8[8X
}^X\K;:`w�K�iTX�a�[:FHGJ[$g`ikFUg o�FHGTF�iTGJNHg^��[U��o+XHG`ikFUK�iTX�� iJX�a�X�M\GTF;- X�FHa�]qI�iT[>o¬[^�LX�]b[^K�X\g{w�] }$X\K;:`w�KOiTX�a�[
FHGJ[$g`ikFUg
a�[vGJ[ÙiTXHGJK�XC}^X\] K�Xb]qN;M Ih]bX 1

2
|A|

�
� o�GJIh]b[^ILG`X F [$g`iJw�aVFHGvF GJ[^�hFHlxmUX [$K�iJGJ[�X\GJa�[^KVFHl^mHXøa�[�Y�G^GjiTIh}$[^g:[�}^XHK;:`w�K�iJXøa�[CFUGJ[^gjikFHg:a�[

GJ[$iJX\GJK�X�- X\I21ôXHw�K�M\[$G I c,�;K���w�[�[^gjikFH_¬[$�h[^}$[^w(Xbg`[^M\w�ILK�iJ[H�

�H�
��M Ihg`iJ[�w�] XHGJa�[$KVFHl^mHX�a�[�Y�G$G`iJIh}$[^gøikFU�:��w�[�X�}^X\KL:`w�K�iJXÉa�[�FHG`[^gjikFHgøoVFHGTFBiTGJNHgö- X\G`] F
w�]r}$X\K;:`w�KOiTX a�[�FHG`[^gjikFHg7a�[�GJ[ÙiTX\G`K�X a�[�}^w�g`iTX ]F+LK�IL]bX��7QSFU�SX\GJa�[^KVFHl^mHXöG�}�)VFH]qFHaVF a�[
Ú;â�ßEàsÛSáX¤H�EÚ­®;Þ?ì«¢ráH�

c��
�>] ãsÝ6çE�,âlá�å�ÚFØ�Ú;Û6ãnà�ØsÝ'ÞÅì ê,ÚËa�[:w�] M\GJF�- X
G = (V,A)

}^X\] GJ[$gJo¬[$ILiTXCF�w�]qF�X\G`a�[^K�FHlxmHX�a�[
Y�G^GjiTIL}^[$giG:w�]ÛgJw�_�M\GTF;- XCIhK�a�w*$^ILa�X�o¬X\G³w�]Ûg`w�_¬}^XHK;:`w�K�iJXba�[7Y�G^GjiTIh}$[^gÊ}$X\K�g`[^}^w iTILYHX\g
K�[^g`iTF
X\G`a�[^KVFUlxmHX��:f7FHa�X a�XHIhg>gJw�_�MHGTF�- X\g

G1

[
G2

a�[�w�] M\GTF�- X
G = (V,A)

�+a�[H&VK�Ih]bX\g2}$X\]bX
N(G1, G2)

X/K�D�]b[^GJX8a�[ FHGJ[$g`iTFHg���w�[ gTFH[$] a�[ w�]nY,G^G`iJIh}$[ [$]
G1

[ }N)�[^MOFU] [$]Åw�]
Y�G^GjiTIL}^[ [$]

G2

�®@ [
G1

[
G2

gTmHXya�X\IhgËgJw�_�MHGTF�- X\g�}^X\K�gJ[^}$w�iTI�Y\X\gCa�[
G

}^XH] GJ[$gJo¬[$ILiTX�F
w�]qFËX\G`a�[^KVFUlxmHX�sUiTIh]qF�a�[2ikFH�+]qFHK�[$IhGJF���w�[:XqD��LiJIh]bX�Y�G^GjiTIL}^[7a�[

G1

o�GJ[^}$[^a�[:X�o�G`Ih]b[^ILGJX
Y�G^GjiTIL}^[va�[

G2

��[^K�iTmHX
N(G1, G2) ≥ N(G2, G1)

�
� � � }$X\K;:`w�KOiTXøa�[�iTX�a�FHgvFHg�FUGJ[^gjikFHgvo�FHGTF iJGTNHg:}^XH] G`[^gJo¬[$ILiJX(F w�]qF X\GJa�[$KVFHl^mHX<sUiTIh]qF a�[

w�] MHGTF�- X
G(V,A)

a�[$Y\[�g`[^GÊ]qILK�IL]qFU���
���^@ [

H
Gvw�] gJw�_�MHGTF�- Xb}^XHK�gJ[$}^w�iJILY\X }$X\] GJ[^g`o¬[^I�iTXqFbw�] F�X\GJa�[$KVFHl^mHXqsHiJIh]qF�a�[�w�] M\GJF�- X

G
�¬[$K�iTmHX FCGJ[^gjiTGJILlxmUXqaVFbX\GJa�[^KVFHl^mHXqsHiTIL] F�FHX\gÊY�G^GjiTIL}^[^g>a�[

H
G�w�] FCX\G`a�[^KVFUlxmHXqsHiTIL]qF

oVFHGJF
H
�
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È · µ ¸�¹*z�²A@CBD��EFB
Ê µ�¶ ZLVX|`Vyb:w�] MHGTF�- X�X\GJIL[^KOikFHa�X

G = (V,A)
 V��Å|`Vybvw�] }^X\KL:`w�K�iJXba�[�FHGJ[$g`ikFUg
a�[vG`[$iTXHGJK�XCa�[
G
 g

S1 = ∅� g
S2 = ∅� gCa µHG ·`V µ�¶ z

(G 6= ∅)
ÍÎVX¸�V

� g \Pa [NM Ihg`iJ[�g`w�]bIha�X\w�GJX
u
[^]

G
a µ�¶ ¹6z

� g }^X\�LX�}xFHG
u
K�XCIhK*+L}^ILX�a�[

S2� g
v = u� g \Pa µ ¹*z�\Pa [sM IhgjiT[�- X\K�iJ[

u
[$]

G
a µS¶ ¹*z

� g }^X\�LX�}xFHG
u
K�X�&VKVFH�-a�[

S1� g
v = u
�� g \Pa µ ¹*z


I
 g [^gJ}$X\�T)�[^GÊw�]ÛY�G$G`iJIh}^[
u
ikFH�-��w�[

d+(u)− d−(u)
Gv] N;M IL]qX


J� g }^X\�LX�}xFHG
u
K�XC}^X\]b[^l$Xba�[

S1
�� g
v = u
 � g ¾òÁ \Pa


J� g GJ[$]qXZY\[^G
v
[viJX�a�X\gÊg`wVFHg
FHGJ[$g`ikFUg
ILK�}^ILa�[^KOiT[$gÊa�[

G
�� gR¾òÁ¯a µHG ·}V µS¶ z

 � gô}^X\K�}xFUiJ[^KVFUG

S1

[
S2

[$] w�]qF��hILg`ikF
S
�� gCZLa ¶ zSZ µ V*Z�XC}^X\K;:`w�K�iTXba�[�FUGJ[^gjikFHgÊoVFHGJF�iJGTNHg aVFCX\G`a�[^K�FHlxmHX

S

>SIhM\w�GTF����1�\���>] FH�hMHX\GJI�iJ]bX�gJIL]bo��h[$g oVFUGTF�GJ[^g`X\��Y\[^GÊXF> " @
" gJ[$M\w�ILG^�2FHo�GJ[$gJ[$K�ikFU]qXHgøa�X\ILgøFH�LM\X\GJI iT]bXHg=)�[^w�G�+hg`iJIh}$X\g ��w�[�w�iTIL�hIT$^FH] [^gjikF�GJ[$�~FHl^mHX�oVFHGJF

[^K�}$X\K�iJGTFHGÊw�]Û}^X\KL:`w�K�iJXba�[�FUGJ[^gjikFHgÊa�[vGJ[ÙiTX\G`K�X��
-­	�� K î % L4�ë�61NM�������#&% �2��î O!Â(�ë�PO¿%'13% 1í�ë�2�
Â��G��1�� Q�R4S

��FHa�[$g^�!ô�IhK�[
@ ]{g�if) I eLKÊa�[^g`[^KOY\X\�LY\[$GTFH]�w�]�FH�hM\XHGJI�iJ]bX�)�[^w�G�+hg`iJIh}$X��LIhK�[^FHG5ñ�M\w��LX\gJX;ó ��w�[
[sM o��hXHGTFøF G`[^�hFHlxmUXø[$K�iJGJ[CX\G`a�[^K�FHlxmUX<a�[�Y�G^GjiTIh}$[^gv[�Xø}^X\KL:`w�K�iJX<a�[CFHGJ[$g`iTFHgva�[CG`[$iJX\GJK�X��qoîKOiTw�I P
iTILYçFH]b[^K�iJ[bX/FH�hMHX\GJI�iJ]bXøIhGTNøX\GJa�[^KVFHG�X\g�Y�G$G`iTIL}^[$gËo+[$�hX(M\GTFUw&a�[ gJF,+ha�F(o�G`X�}^w�GJFHK�a�X8X\G`Ih[^KOikFHGvX
] N;M IL]qXËo¬X\g`gl+�Y\[^��FHgÊFHGJ[$g`iTFHgÊo�FHGTF{- GJ[$K�iT[U�VFHo¬s\g [$g`iT[vo�FHgJg`XbXCFH�hM\XHGJI�iJ]bX�iTXH] F�FHgÊFHG`[^gjikFHg oVFHGJF
iTGTNUgÊ}^XH]qXC}$X\K;:`w�KOiTXba�[vGJ[ÙiTXHGJK�X��

" &VMHw�GTFö���T��]qXHg`iTGJF w�] o�g`[^w�a�X�}^s�a�ILM\Xøa�X<FH�LM\X\GJI iT]CX���QSFUGTF a�Ih]bIhK�w�ILG2F ��wVFHKOiTILaVFHa�[�a�[
FHGJ[$g`ikFUgvoVFUGTF iTGTNUg^��}$X\�hX�}^FçPîg`[�X\g7Y�G$G`iTIL}^[$gv��w�[�iT|$] ]qFHIhg7FUGJ[^gjikFHg:gTFUIhK�a�X°< o¬X\gJg`ILY\[^�L]b[^K�iJ[�w�]qF
- X\K�iJ[nB�K�X°&VK�FH�ÊaVF��hILg`ikF

S1

[<X\gCY�G^G`iJIh}$[^gq}^XH] ]qFHILgbFUGJ[^gjikFHgq[$K�iJGTFHK�a�X <¡o¬XHgJgJI�Y\[^�L]q[$K�iJ[<w�]
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gJw�]bIha�XHw�GJX�B>K�X<ILK*+h}$ILX aVFø�LIhgjikF

S2
�bW>Xð&�KVFH��a�X(FU�hM\X\G`I�iT]CX Fø�hILg`ikF

S2
GC}^X\K�}xFUiJ[^KVFUaVF<}^XH]pF

�hIhgjikF
S1

�@��g`ikF�XHGJa�[$KVFHlxmUX�IhKOiTw�ILiTI�YçFH]b[$K�iT[j- X\GJK�[$}^[
w�] ñ�_¬XH]�ó³}$X\K;:`w�KOiTX�a�[>FHG`[^g`iTFHgôa�[
G`[$iTXHGJK�X��
� iTFH]qFHK*)�Xva�X�}^X\KL:`w�K�iJX�a�[
GJ[ÙiTX\G`K�X�[^K�}$X\K�iJGTFHa�XËo¬[$�hX�FU�hM\XHGJI�iJ]bX�G
�LIh]bI ikFUa�X:o¬X\G |A|

2
− |V |

6

�
� }^G`ILilG^GJILXbM\w��hX\g`Xq[$]qo�GJ[^M\FHa�XqKVFb�hILK*)VFö���5- X\I�]q[$�%)�X\GJFHa�XCo¬X\g`iJ[^GJILX\GJ]b[$K�iT[v[^] I ��K �Êz{X\]�[$g`iTF
]q[$�%)�XHGJIhF�X FU�hM\X\G`I�iT]CXC[$K�}^XHK�iJGTFqw�]Ñ}$X\K;:`w�KOiTXqa�[�FHGJ[$g`ikFUg>a�[�GJ[ÙiTX\GJK�Xq}^X\] iTFH]qFHK*)�XC] N;M IL]qX
1
4
|A|

oVFHGTF�M\GJF�- X\g }PD�_�Ih}$X\g^�
-­	.- /Ç���
Â��!:�;'� �ë������#?W*������#�% %6O!Â���#�%
7!% %*� QXRYS

� w�iJGJX�FHw�iJX\G³FË[NM o��hX\GJFHG³FËG`[^�~FUlxmHXË[$K�iTG`[7X\GJa�[^KVFHl^mHX�a�[2Y�G^GjiTIh}$[^g³[7}$X\K;:`w�K�iTX�a�[:FHG`[^gjikFHg³a�[
GJ[$iJX\GJK�X�G�@�F\FH_ [^] I c��LK�� � FH�LM\X\GJI iT]bX�a�ILY�Iha�IhGôoVFHGJFË}^X\K���w�Ihg`iTFHG³o�GJX\o¬X\gjiTX�K�[^gjiT[7iJGTFH_VFU�%)�XË[$g`iTN
- w�K�aVFH]b[^KOikFUa�X7K�X7GJ[^g`w��LiTFHa�X7X\_ iTIha�X7o¬XHGH1�X\w�K�M\[$G I c,�;K ��@ [

H
G{w�]Dg`w�_�M\GJF�- X7}^X\K�gJ[^}$w�iTI�Y\Xv}$X\]

GJ[^g`o¬[^I�iTX�F�w�]qF�X\GJa�[^KVFUlxmHXËsUiTIh]qF:a�[>w�]
M\GTF�- X
G
��[^K�iTmHX�F�GJ[$g`iTG`Ihl^mHX�aVF�XHGJa�[$KVFHl^mHXËsHiTIL]qF�FUX\g

Y�G^G`iJIh}$[^g
a�[
H
Gvw�]qF�X\G`a�[^KVFUlxmHXbsUiTIh]qFËoVFHGJF

H
�

QSFHGJF?}$X\K�g`iJGJw�ILG8w�]qFÉ[$g`iTGJFUifG$M\I~FÉa�I�Y�Iha�ILG<o�FHGTFÉ}^X\K���w�Ihg`iTFHG8oVFHGJF?G`[^g`X\�LY\[$G8X > " @+��@�FHFH_
o�GJ[$X�}^w�oVF®PîgJ[�[$] GJ[$gJo¬X\K�a�[^G(F�gJ[$M\w�ILK�iJ[���w�[^g`iTmHX��Õ+7wVFUIhgøFHG`[^g`iTFHgð-¡FUGTmHX�oVFHG`iJ[�a�X�}$X\K;:`w�KOiTX
a�[ GJ[ÙiTX\G`K�XyFHo¬s\gËX/oVFHg`gJXyaVF8a�I�Y ILgTmHX ZÂQSFHGJF8X\_�iJ[^GËw�]Å_¬X\] FH�hMHX\GJI�iJ]bX��t[^]Å}xFHa�F/oVFUgJgJXya�[
a�ILY�IhgJmHXøFø��wVFUK�iTILaVFHa�[Ca�[bFHG`[^g`iTFøIhK�}^�hw6+haVFHg2K�X<}$X\K;:`w�K�iTX<a�[CGJ[$iJX\GJK�X<a�[ÙY\[bgJ[$G�]bIhK�IL]CIT$^FHaVF [H�
FH�%G$]�a�ILgJg`X��+[^g`iTF a�ILY�IhgJmHXqa�[$Y\[�gJ[$G^- [^ILiTFqa�[Ë]qFHK�[$IhGJFbM\�hXH_VFH����}$X\K�gJILa�[^GJFHK�a�X X M\GJF�- X }$X\]qXqw�]
iTX�a�XC[vKVmHXbFHo¬[^KVFUg>FH�LM\w�K�g³Y�G$G`iJIh}$[^g
[�FHG`[^gjikFHgÊ[^] oVFUG`iTIL}^w��hFHG�<¡[$Y�I�ikFHK�a�Xb]r+hK�IL]CX\g³�LX�}xFHILg�B �

ô�[$YçFHK�a�X>[^]û}^XHK�gJILa�[^GJFHlxmUX>X>GJ[$gJw���ikFHa�X>a�[[1ôX\w�K�M\[^G�[ôo�GJX�}^w�GTFHK�a�X2}$X\K�gjiTGJw�ILG�w�] FH�LM\X\GJI�iJ]bX
��w�[yiT[^K6)VF�FUgø}^FHGTFU}$iT[$Gl+Lg`iTIL}xFUg a�[$gJ}$GJILiTFHgøFHK�iJ[^GJILX\GJ]b[$K�iT[U�ÊYUFH]bX\g gJw�o¬X\GøF�[NM�ILg`iJ|^K�}$I~F�a�[yw�]
FH�hM\XHGJI�iJ]bX���w�[8oVFHG`iJIh}$IhX\K�[øXB}$X\K;:`w�KOiTXBa�[(Y�G^GjiTIh}$[^g

V
� a�[8w�] MHGTF�- X

G = (V,A)
�Ê[$] a�XHIhg

gJw�_¬}$X\K;:`w�KOiTX\g
V1

[
V2

iTFH����w�[Ë[NM Ihg`iTFbw�]qFbXHGJa�[$KVFHlxmUX sUiTIh]qF�a�[
G

}^X\] iJX a�X\g
X\gÊY�G^GjiTIh}$[^g>a�[
V1

õø[^gJ��w�[$GJaVF(a�XHgvY�G$G`iTIL}^[$g�a�[
V2

�b��KOikmHX���o¬X�a�[$]qX\gv}$X\K�gjiTGJw�ILGvw�] }$X\K;:`w�KOiTX<a�[qFHG`[^g`iTFHg�a�[
GJ[$iJX\GJK�X ]r+hK�IL]CXba�[

G
o¬[^�~Fqw�K�I~mUX a�X }^X\K;:`w�K�iJX a�[�FHGJ[$g`iTFHg7a�[ËGJ[$iJX\GJK�X ]r+hK�IL]CXba�[

G[V1]
�+a�X

}^X\K;:`w�K�iTX a�[CFUGJ[^gjikFHg7a�[�GJ[ÙiTX\GJK�X ]r+hK�IL]CX a�[
G[V2]

[
{(i, j) | i ∈ V2

[
j ∈ V1}

� " }^G`[^a�I�ikFçP÷gJ[
��w�[ÊikFH�VFH�LM\X\GJI iT]bX7KVmUX�[sM ILg`ikF ��aVFHa�X���w�[
X5> " @�G
W>Q@P÷}^X\]bo��L[$iJX��SW>X�[$K�ikFUK�iTX��'@�F\FH_b}$X\K�g`Iha�[$GTF
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w�]�XH_':`[ÙiTI�Y\X�]qFHIhg�gJIL]qo��h[^g$�øo�GJX�}^w�GTFHGCw�]qF�o�FHG`iJIhlxmUX

(V1, V2)
ikFH�³��w�[(X�}^FHGJa�ILKVFH�LILaVFHa�[ a�X\g

}^X\K;:`w�K�iTXHg
V1

[
V2

gJ[�:JFH] o�GJs�M Ih]qFHg [�FC}xFUGJa�ILKVFH�hILa�FHa�[7a�Xb}$X\K;:`w�KOiTX
{(i, j) | i ∈ V2

[
j ∈ V1}gJ[t:JF(]bIhK�IL]CIT$^FHaVFÂ< ��w�[ gTmHX8[NM�FUikFH]b[$K�iT[ FHg�}^FHGTFU}$iT[$Gl+Lg`iTIL}xFHg�a�[$gJ[�:JFHaVFHgËKVF([ÙikFHoVF(a�[ a�I�Y�IhgTmUX�BÙ�

��gjiT[ o�GJXH_��h[$] FðG }$X\K*)�[$}^ILa�X/}^XH]qX(_�ILgJ[^}$lxmUX/a�[ M\GJF�- X\g$�(QSFUGTFí- X\G`] FH�LI1$xFHG:[^g`iTF8Iha6G^I~F ��YUFU]qXHg
-¡F,$^[$G
FH�hMHw�]qFHg³a�[s&VK�IhlHO�[^g$�

�
] FCoVFHGjiTIhl^mHXba�[�w�]ÑM\GJF�- X
G = (V,A)

G�w�]ÑoVFHG
X\G`a�[^KVFUa�X
(V1, V2)

XHK�a�[
V1 ∪ V2 = V[

V1 ∩ V2 = ∅
� � }^w�gjiTXøaVF oVFHG`iJIhl^mHX

(V1, V2)
G�a�[H&VK�ILa�X }$X\]qX.��£E�L�

(V1, V2) = |{(i, j) | i ∈

V2
[
j ∈ V1}|

� �>]qF
çPì%ãnà�Ø�¤H�EÚ�a�[�w�]ÑM\GJF�- X
G
G�w�]qFbo�FHG`iJIhlxmUX

(V1, V2)
�VikFH����w�[

|V1| ≤ α|V2|[
|V2| ≤ α|V1|

��X\K�a�[
1/2 ≤ α < 1

�
� ¥SâfÚ,ç�£%à(¢ráÂßEàíçPì%ãnà�Ø�¤H�EÚpßEà��,âlá�å�Ú < u�4dB�}^X\K�g`IhgjiT[ø[^]<�ôaVFUa�X�w�]ÓM\GJF�- X�XHGJIh[$K�iTFHa�X

G =

(V,A)
��[^K�}$X\K�iJGTFHG³w�] _�Ihg`[^}$lxmHXCa�[:}^w�gjiTXC]r+hK�IL]bX�� " o¬[^gTFUGÊa�[^g`iJ[vo�G`X\_��L[^]qFËgJ[$GÊW2QSPî}$X\]bo��h[ÙiTX

I c��LK��S@�F\FU_<a�[$gJ[^KOY\X\�LY\[$w8K�X\giD���iTIL]bX\g FUK�X\g
FH�LM\X\G`I�iT]CX\g³GJNHo�ILa�X\g [v[s&V}^IL[^K�iJ[^g
oVFHGJFCXUiTIL]qI1$xNçP÷�LX��
@�FU_¬[^K�a�X aVFb[sM IhgjiT|$K�}^IhFqa�[ËFH�LM\X\G`I�iT]CX\g [H&V}$Ih[^KOiT[$g2oVFHGTFbXUiTIh]bIT$^FHG X u54 [�XH_�gJ[$G`YUFHK�a�X ��w�[
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p← p0 � �¶�������?�������I�ª���2�����J�X�*�����f/��*�I�����X� �� gC���H&������£�F���������?���*�����f/��*�I�����

R� g
counter ← 0� gCZLaE¿Aa ¶ ¼�Z

� g
Cpre ←

��£E�L�
(V1, V2)� g �*�������'���

(V, V1, V2, p)� g
Cpos ←

��£E�L�
(V1, V2)
�� g \Pa

Cpos < Cpre

a µ�¶ ¹6z

I
 g

(B1, B2)← (V1, V2) � �J�������F�X�*�.�%)	���?�����8�.�I����� �
J� g
counter ← counter +R � �]�I���*���J�<�������?�·�J�I�J���HO`�.� �
�� g \Pa µ ¹*z


 � g
counter ← counter + 1
J� g ¾òÁ \Pa


�� g \Pa
Cpos = Cpre

a µ�¶ ¹6z

 � g

p← p− δ � �������·�`���
p
�����J�(�]�I���*���������©�����[���¸�`���*�.� �J���[���A��GI�8�����I�.�:���

-´�����������*�������'��� �
�� g \Pa µ ¹*z

�� g

p← p0 � ���I�8�J�����J�X�F���������?�������.�����2���
p ��#� g ¾òÁ \Pa

�n
 gCV ¶¸¹ºG ·`a
counter > R�I� gCZLa ¶ zSZ µ V*Z

(B1, B2)
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È · µ ¸�¹*zb¼*½<E*BD¾
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BestSolution← ∅� gC¿�V6Z;V

k ← 1
V ¶�¹»À �LM6ov���.��ÍäVX¸�V

� g
x←

¢*£L�S�L�E���S�L�6¤��6������¥��6�,�'�X£n¦y�L¡6���6 '£E§L�'�S��£L�
()� g

x←
¨X£E�,�'§� E�������n©
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(BestSolution, x)� gR¾òÁ¯¿}V*ZLV

� gCZLa ¶ zSZ µ V*Z
BestSolution
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<��XB

A = A \ {(x, y) | x = v
���

y = v}

�`¡�§�£�£;�2¡j@`�
(v, v) ∈ A

�������*����²����
v ∈ V

���.� �����
<~��B

v
-��,$6�����8�J�r���*�I���;:8��� �J�*���6���#�J���8���

<��XB
V = V \ {v}

<���B
A = A \ {(v, u)

���
(u, v),

�����J�
∀u ∈ V }

��¡����¨å ¡�@������
(v) = 1

�
(u, v) ∈ A

���.�a�J���
<~��B

V = V \ {v}

<��XB½£L�E�
(u) =

£L�E�
(u) ∪

£L�E�
(v)

<���B
A = A ∪ {(u,w)|w ∈

£L�'�
(v)} \ {(v, w)|w ∈

£;�E�
(v)}

�	¡�£L�E�¨å�¡j@`��£L�E�
(v) = 1

�
(v, u) ∈ A

���.�a�J���
<~��B

V = V \ {v}

<��XBp���
(v) =

���
(v) ∪

���
(u)

<���B
A = A ∪ {(w, u)|w ∈

���
(v)} \ {(w, v)|w ∈

���
(v)}
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G
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>N��²��	�J���	¡��	¤R>������.�����6�����S���*���S�;�6�,�S���� X�L¡6�

b

e

a c

d
f

g

i h

b

e

a c

d
f

g

h

b

e

a c

d
f

g

b

e

a c

d

g

b

e

a c

g

b

e

a c

§E£�£L�
(i)

£L�E�	Ö
(h)

£L�E�¨å
(f)

���cå
(d)

£;�E�Då
(g)

>H��²��	�J���	¡���¤¢Ã�M��.�*�����F���*�������������.���X����-´�����.�����6�����S�,�*�����L�*�����,�E *�;¡'��¡



<,øpoð�q+ =V> ³øD89¶´�ÿ é DHF � D �r;ts�> �w×
�`�	�m�.���a�J���*)����ð�ª���I���C�I������²����ñ�*���*�.�a���(���������a���m�g�NM��.�I������������-´�����������`���8���3G������C��GI�8�����I�.�
���.�*�n�`�������<���#�������íõ¥�8�.�����.���ò�`¡ " &�²������ð�	¡��È�*���8���J�È���w�NM��.�*�����¥���¥�sM��I�.�������ó���=-´�����.���
�*�����S�,�X���S�;�6�,�S���� X�L¡6��¡

È VX\Pa�|}a½]�z µ \ ¶ Z�·}¸�¹*z

�N�������.�8�]�.�I�T&��.���È�°-����8�ò���ó�I�����8�������.���®Gó�����I�.�����b�����p-´���������Ñ²��������J���������	�������������V���
���I�����	�����*�X�������F�I�����8���������A�X�����8���q�£ô!ôb�6���P�����`�I�.�������I�a�J�F�	�������������T+��8�����.�X�	�6���.���.�.����¡

" -´���������g²��������J�r���I���t�.�U�����:�������`�I�ª�����g�6�a�����a���g���ð���#�J�I���*���������6��GI�8�J���.�A�.���a�������	�����������
�p-´���	�����i���E:8�I�J�·����¡Ê§t�i�����8�����m>}��@z�i�8�.���I�����i���Ä���Æ��GI�8�����.�»���I���ó�8�.���*$I���F���*�I���I�����X���
²��J��-´�	¡Aoe� �J���·�J���¶�����I�a�����	�a�������	�����������?�F²������Ä���6���ç��G.�8�����I�������������£�X�������������������������<���6�a���
�g���.�*�`�����&���I�8�J�t��G.�U�J���I�m���������a���6�©�����C�I���I�����C���&²�����-´��¡��N�������������.�º+<�ª�����mõA�I���I�����<�������SO`�.�
�J��µI�i-´�	�������F�`�	�(�sM������I���J���æ�.�U���F���`������¤

ö ¡
GA(v) = |

���
(v)|+ |

£L�E�
(v)|

�`¡
GB(v) = |

�n�
(v)| ∗ |

£L�E�
(v)|

÷ ¡
GC(v) = max(|

���
(v)|, |

£L�E�
(v))|

" -´�����.���
GA

�I�����������.���6�]�I�����¢��²��������N�������r�6²��J���F���|�J��+����<�|�6²������F���|�I�a���J�������`��-´�����.���
GB

-����������I�.�i�z�����������I�����*�.� �J�z�����Ä²��������»�	�i�I�a�J�������z�k�J�,+����Ï�i��-´�����.���
GC

�I�����8�����I�J�
���]�.�����*�k�©�������g�¶���������I�a�J�8�Ä���F�������X²��J�����.¡z�N�������������.�&+<�����z�Äõ|�I���.�	���ó�I�Æ�sM��]�.�8���*�.� �J���
�.���*���	�J���.�����������¢�������I�8���������ø�a���<��-´�����.���

GB

���8�`���*$t���I�%)	�����I�C���I�����·���������.¡[§t�.�U�J�t���J�������%)��
�N)����©�������£�q-´���������

GB

���*Y��'�����E¥°¡
�N�����Ñ�.�8�]�.�.�1&��.���»�Ñ���I�����������*�Ñ�	�Ì�.�����8�������.���z���Ñ�����8���bõ£ô!ô[�:�����*���0-���$.�I�¥�	�����¥���s&	�

�����HO`�.�.¡,Õ<�����Ï��� ²��J��-´�
G = (V,A)

�A���s&����������
gmin = minv∈V

Y��'�����E¥
(v)

�
gmax =

maxv∈V

Y��'������¥
(v)

¡ " �����U�������I�8�J�8���J�È���������	��������������G��¥�.���L:8���a���»���&��G.�8�����I�.�6õ£ô!ôúù
{v ∈

V |
Y��'������¥

(v) ≥ gmin+ α · (gmax− gmin)}
���������

0 ≤ α ≤ 1
¡

" -������(���(�.���	�8�J�8�������FG(���H&��������*�	�©����²������·���*�X����&�²����J� ÷ ¡�J	¡£ûè�����.�F���������.�������¨���©����²����
���������	�]���H&��������È�.� �J���X���m�����*)����^�È� ö�ö ��G��NM	�I�.�	�J�����»�.�	�`�����a���ð)�����G.�8�����I�.�<���¥²�����-´��¡<§t�I�8�J�



<,øpoð�q+ =V> ³øD89¶´�ÿ é DHF � D �r;ts�> Mqã
È · µ ¸�¹*zbü<ýNíH¬¸±¿þDëq¯¨±N¼�þ¿®°®°êDÿ¢½<îNíqêHý��r«­ïa®°ê¢B]ý��`ë¿±c«­ý�í
Ê µ�¶ ZLVX|`Vybr�����X²������´�

G = (V,A)
�
α
 V��Å|`Vyb6�	�³�.���L:8���a���*���r��G.�8�����I�.�A�	�(�8�I���������F���

G
 g
S ← ∅� g
(G′, S ′) =

�6�����S�,�*�����L�*�6���� X�L¡6�
(G)� g

S ← S ∪ S ′

� gCa µHG ·`V µ�¶ z
G′ 6= ∅

ÍÎVX¸�V
� g

rcl ← � ���*�,�'¢�¨ (G′, α)� g
v ←

 ��'§��6�L�	�6�����*��

(rcl)� g

S ← S ∪ {v}� g
G′ ← G′ \ v � ���I���¸���.�

v
�r�J�`�����A���A���8�.�U�����A���
�����I�.� �J�.�t�

v
�.�

G′ �� g
(G′, S ′) =

�6�����S�,�*�����L�*�6���� X�L¡6�
(G)
�� g

S ← S ∪ S ′
I
 gR¾òÁ¯a µHG ·�� µS¶ z

J� g���� ¶ z�� µ ���

S

�N��²����J� ÷ ¡��	¤������	�����r¢*£L�S�L�E���S�L�6¤��6������¥��6�,�'�X£n¦y�L¡6���6 '£E§L�'�S��£L�
�ª���I���2�����©�����8�J�©õ£ô!ô����I���������	�2�.�Ó���I²��������È�	�Ó���I�8�J���.���&���.���.�I�����������¥�������������������*�I�a�J�g�	�.�8�J�
�����U���ò�¥�I�a�J���i���	���.�����������Ì���Ì�.���
�8��� �J�

S
�¢�a���»���I�����I���I�a�J�i�Ì�.���
�8�	�a���k���»�8�I���������	¡ÑÃ[�Í�8�#�

²��������È�»²��J�
�´���F�������������.�������D���8�J� ���¿�¥���.�U�J���.�F�8�.���.�I�������������X���I���¸�`�����¥�	�Ä²��J���´�	�c�F�!�´�����.���
�*�������S���*�����L�*�����,�E *�;¡'�"�*�$#����©�����	¡&%'�´�����.���í�6�����S�,�*�����L�*�����,�E *�;¡'�"�*�	�J�����(�.�����¥�����J�»���·�
�����`�����V�F�J���©����#��X���*²������´�������.�I���I�J�����	�����8�����P�F�����`�I�.���8��¡

È �*)+�",-�½À�·.)0/��21435/��*1

%£�Ï�I��� �J�J���8���b���Ñ�������	�����I�������	�ó���2�������º�	�º�.���	�8�J�8���������t�Ñ�	�����.�Ï���`�.���A�.�*���8�.² �����Ñ�]���
�N�������������I�,+<�ª���¥�(õA�I���I�����6�6�	�³�]�����I���I���*�������������	¡7%,���(8��.�����������6���8���`�.��������õF���	�����*���`�����
�m���.�8�(8��.���V���<������������²������´���<���+9��.�����I�g���¥������¡¢ûr�?���	�������I�?���I�8�J�8����²��.�ç�&�����8���X���`�����2�&�����
�J�.� ���������¶�i���Ä�.�����*�����������.�U�J���.�.���8�.���	������� �J�.�I�|���ú�8�:���	�V�.���I���a���J���*��� �.���
�8���a���b���Ä���#�J���8���
�������������~¡-%;8�²����J� ÷ ¡=<t�����U�J���t�m�����I�����`�.�`�	��²��<���m�����8���<���`�����~�¶�����	�

S
���.�	���.�8�.� ���<�<�I���
�8��� �J�

���r���.�8�����I�.�A���6�8�I�J�������F�
si

���.�	���.�8�.� ���*�
i
�>�.�������X�I���I���I�a���*�	�

S
¡

%?�´���������A@�BDC�EDF�G	HIE�J*C�Kò���.���L8����*���g�������F���.�8�����I�g���©�I���
�8��� �J�©�	�&�8�I���������&�g���I�����������a����¡
Me�8�J�2���´�.�·�J�i�8�.�*�n���I���������Æ���I�8�J���.�

si ∈ S
�ó���������.�������k�b����²������·�J�F�Ì���ó�8�.���	�����ONP�´�����.���

Q H�R�S�C�H*T0U�V
WXE�U�C�H	G*Y�ZXH	[[���r²��J���´�<�����	���.�����
G[(V \S)∪si]

N�������#�����\r�]<�[#¡_^��£�r²��J���´�<���I�����I�����



<,øL` >º� ´uBCK�L � F �<; =V> 9XDw@EDba�@ED�� ��� 9¶´]Dwµ¶D�@tý � M	c
È-d�e.f�g 3�@[ýN¯¨î7��B]®�îNþ2¯5h
Ê eji ���*,-�lkr�����X²������´�

G = (V,A)
���6�	�³�.���
�8���a���*���r���.�U�J���I�.�A�	�(�8�I���������

S ∈ V
 ���4,-�lk6�	�³�.�����8���a���*���r���.�8�����I�.�A�	�(�8�I���������F�������������2���
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flag ← 1� g�� eHGld � eji 3
flag = 1 m � f �� g

flag ← 0� g
i← 1� g � eHGld � eji 3

i ≤ |S|
�
flag = 0 m � f �� g

V ′ ← (V \ S) ∪ si� g
A′ ← {(v, w) | v, w ∈ V ′}� g
G′ ← (V ′, A′)� g
(G′, S ′)←
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V ′ = ∅
�
S ′ = ∅

� ejing 3

I
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S ← S \ si
J� g
flag ← 1
�� g o�p )+�
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





















AB = (x, y) : (x, y) ∈ B, d(x, y) ≥ 0

AW = (y, x) : (y, x) ∈ E \B, d(x, y) ≤ 0

AR = (x, y) : y ∈ R(x), p(y) = p(x)
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
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p(x)
�8�
x /∈ T

p(x) + δ
���
x ∈ T



§�¨L`ìë ©0ª�«�¬®­�©�¯�©Ùítî ë ´ °n±�°ba0±�°>² ©+³�´Dª °wµD°0±:µ ³ ¶��
û<�����

δ =



































δe = d(a, b)

δB = min{−d(x, y) : (x, y) ∈ B, (x, y)
�I�a���J�F�.�

T}

δW = min{d(x, y) : (x, y) ∈ E \B, (x, y)
�J���c���

T}

δR = min{p(y)− p(x) : x ∈ T, y ∈ R(x) \ T}
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B′ = B \ CB ∪ C
?
W

ûÐ����²����8�·�J�F�X���6���J���Xò©�J�.�³�.���*������w����������
O(n5)
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p ≡ 0
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